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El 'sex appeal’, cuestion de simetria | elmundo.es
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El 'sex appeal’, cuestion de simetria

Actualizado miércoles 20/08/2008 19:30 (CET)

ROSA M. TRISTAN

MADRID.- La simetria corporal es un valor afiadido
fundamental para tener 'sex appeal'. Si es un varon, esa
simetria debe incluir un torso grande, buenos hombros,
pechos pequefios, piernas fuertes y una altura aceptable.
En el caso femenino triunfan las piernas largas, el pecho
considerable, hombros pequefios y una proporcion
cintura-cadera determinada.

Estas caracteristicas no son fortuitas ni se trata de
modas. Estan directamente relacionadas con el potencial
reproductor, la calidad de los genes, la capacidad
competitiva y la salud, incluyendo la facultad para evitar
a los parasitos con mas facilidad. Cuerpo de un hombre y una mujer disefiados

Estas son las principales conclusiones de un exhaustivo

analisis realizado por expertos britanicos en psicologia

evolutiva de la Universidad de Brunel (en Reino Unido), publicadas esta semana en la revista
Proceedings of National Academy of Science (PNAS).

http://www elmundo es/elmundo/2008/08/19/c1enc1a/1219137219 heml|

por ordenador. (Foto: PNAS)

Paul Dirac

«The dominating idea in this application @
mathematics to physics is that the equatio
representing the laws of motion should be of
simple form. The whole success of the schem
due to the fact that equations of simple form
seem to work....

We now see that we have to change the principlg
simplicity into a principle of mathematical beaut
It often happens that the requirements

simplicity and of beauty are the same, but whe

they clash the latter must take precedence.

y
of
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Symmetry implies simplicity

Conservation laws and symmetries formulations:

|:> The conservation of energy = uniformity of time.
:> The conservation of linear momentum = homogeneity of space.

|:> The conservation of angular momentum = isotropy of space.

Teorema de Noether

Any symmetry of a physical system is associated wit
physical quantity that is conserved in this system

This theorem allows to derive the conserved physical quantity froootiuition
of invariance which defines the symmetry. It also works in the opmbeattion.

Example: (a) the invariance of physical systems with respect tialspanslation
(translational symmet)yimplies the conservation thear momentum(b) If the

momentum of a system is conserved, this system must be inuadanspatial

translations.

The set of the numerical values corresponding torgmatible observables
(invariants) defines the quantum state of a system

The quantum state of a system is labeled by theragtny of its Hamiltonian




Nobel de Fisica 1957

«If you look at the history of 20th century
physics, you will find that the symmetry concept
has emerged as a most fundamental theme,
occupying center stage in today's theoretical
physics. We cannot tell what the 21st century
will bring to us but | feel safe to say that for the
next ten or twenty years many theoretical
physicists will continue to try variations on the
fundamental theme of symmetry at the very
foundation of our theoretical understanding of

the structure of the physical universe.»

C. N. Yang, Chinese J. Phys. 32 (1994) 1437

@ The Nobel Prize in Physics 2008

"for the discovery of "for the discovery of the origin of the

the mechanism of
spontaneous
broken symmetry in
subatomic physics"

Photo: Universtity of Chicago

Yoichiro Nambu

@ 1/2 of the prize
UsA

Enrico Fermi Institute,

University of Chicago
Chicago, IL, USA

broken symmetry which predicts the
existence of at least three families of
quarks in nature"

Photo: KEK Photo: Kyoto University

Makoto Kobayashi Toshihide Maskawa

@ 1/4 of the prize @ 1/4 of the prize

Japan Japan

High Energy Accelerator Kyoto Sangyo University;
Research Organization Yukawa Institute for
(KEK) Theoretical Physics
Tsukuba, Japan (YITP), Kyoto University

Kyoto, Japan
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Exact and approximate symmetries

1- asimetria

«What an imperfect word it
would be if every symmetry was

perfect.»

B.G. Wybourne

Most of the symmetries of physics (and art) are not exact but
are approximate ... Despite the fact that most of the dynamic
symmetries are not exact, they provide us with the best toml w
have for understanding complex structures.

Francesco lachello

7/1/2013
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The Physics comes in the process of breaking thamsetry

N,

B.G. Wybourne
Ninth Intl. School of Condensed Matter Physics,

Bialowieza 1995

m 1.3 Broken symmetry

In practice very few symmetries are ’exact’ and in most cases we are led to consider ’approximate’
symmetries. A symmetry need not be exact to be useful. Indeed I would assert the following:
Proposition: We should always strive to consiruct theories with the highest possible symmetry even if
these are not ezact symmetries of nature. The physics comes in the process of breaking the symmetry.

Outline of the course:  Linear representations of groups.
Irreducible representations. Character tables.
Basis sets for a group representation: Normal modes
Hybrid orbitals. Molecular orbitals.
Permutation group. Continuous Groups.
Products and powers of representations.
Selection rules. Electronic terms. Multipoles.
Dynamic groups...

Symmetry and Structure in Chemistry ‘

POINT SYMMETRY

Unit 1: Linear Representations of a Group

Josep Planelles
Dpt. Quimica Fisica i Analitica
Universitat Jaume |




Transformations of a system. Group. Group Table.
Group isomorphism. Homomorphism.

Conjugate elements and equivalence classes
Linear representation of a group

Equivalent representations. Unitary representations.
Reducible and irreducible representations

Basis for a group representation

Invariant vector spaces.

. Irreducible representations. Character.

0.Theorems. Character Tables.

BOONOOAWNE

The transformations thateave invarianta system (symmetries) formgaoup.

Agroupis a set, G, together with a composition law “<ulfilling:

Closure: ¥ a,beG, a*beG
eAssociative: ¥ a, b, ce G, (a*b)ec=a-(bec)
eldentity: YaeG,7eeG / eca=zace=a

elnverse: VaeG,7beG /aeb=bea=e
we say b =3

An Abelian or commutative groufs a group (G, ¢) additionally fulfilling:
eCommutative:¥ a,beG, asb=bea

7/1/2013



The group structurecan be grasped in the group or Cayley table.

Example.
E A B E
E | E<E E+A& E-B E
A | A<E A< AB - Al A
B | B'E B.A4 B-B B

m m |
= m m|m

Caution! Left first and right then, the product mabe not commutative

7/1/2013



Subgroup A subset HO G is called a subgroup of (G, ¢) if (H, ¢) is aqup.

H is apropersubgroup of a group G if Ht G.
H is atrivial subgroup of a group G if H = {E}
G is sometimes called an overgroup (or supergroapH

- o B
£ = C; C% 1 T3 T3
G C,, proper subgroups:
Cal Gy CF E |F3 %1 0O .
. . . {E} {E. GL.CA {E 01, 0, 03}
3 = L |7y o oy
1
[N o Gy 03 E GC3 Cg
Ga| Op oy o, Cg E C; > 9 9
1.2
o3| &3 oy o, C3 C3 E

Homomorphismis like a movie:

you cannot see all but you can grasp what is goory..

7/1/2013
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Homomorphismis a map h: G-H between two groups (G,*) and (H, *) preserving

the multiplication law, i.e., fulfilling: h(u*v) =h(u) * h(v)

2 .
Example: {E,Cj.0,, G, a {E,o,} are homomorphous

The mapping: E,Cfl < E ; o,,0, © o, preservesthe

multiplication law: Ci

ra,=0,, E-o,=0,

y 3
2
Ci oy=0y, E-oy=0y

Isomorphism is an isomorphic or bijective homomorphism

Two groups with the same Cayley table are isomogphi

Two elementa and b of G are calledonjugateif 7 g € G: g a g'=b
Conjugacy “~*“ is anequivalence relatiopi.e.
*Reflexivity: a ~ a

Symmetry:ifa~b, thenb~a

proof. a~b—gag=b;—-glgaglg=a=gbg=cbd—b~a

eTransitivity: ifa~band b ~cthena~c

Conjugacy makes a partition of G intequivalence classes

*Every element of class is a member of this and ahig class.

eldentity forms a class by himselA ~E «» A—T -E-T=T ' -T=E — A=E

«All classes of Abelian groups contains only an elent

proof A ~B <> A=T -B-T=T -T-B=E-B=B — A=B

7/1/2013
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C,,contains three equivalence classes: E, 220

1 2
E Cy C; Oy %2 05

E| E c; ¢} o o5 o
1
Cz| Cg Cg E &3 0y 0y

2 2

Ci| C; E C; G, O3 O, -1 1 1

. . - SO, =g
Oy oy, %2 o3 E C; c§ E C3 E - C3 E 1 E 1
Oy Gy o3 oy o§ E C; 1 -1 1 1 _ 1 1 -1 1 _
o3| o5 5, o, Cf Ci E Cs C3:C3=C3 C;3; -0, Cz=0;

12 1 2
C3 'C3'C3=C3 C3 'GW'C3262
1 2 _
¢, C36,=C3 0G4 G, G,=04
1 2 _
G, "C3:0,=C3 0O, 010,05

1 2 -
G5 C3:0,=C3; %2 0103504

1

1
A correspondence (2)
3

2 3

correspondences:
100 } 010 5 001 100 010 001
E=|010| C3=(001] C3=|100| ¢,=|001| o,=({100| ,=({010
001 100 010 010 001 100

2

1
010(]1 2
e.g. C; i “_', = = |001]|[2|=]|3
2 , GA, 100][3] |1

Note that if 1, 2, 3 label the vectors instead bétvertices of the triangle, the same
matrices that transform the vertices transform tkiectors

7/1/2013
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changing

. .
the basis ser

1/ 00 1 1 \ 0 0
E= Cs=

0|10 0 ‘ cos 120 sen 120

0|01 0 -sen 120 cos 120
) 1| 0 0 1] 00

Ci= _ etc.
3 0 cos 240 sen 240 %17l o l0
0 -sen 240 cos 240 0ol 01

A change in basis of the vector space leads therives$ representing the
symmetry operations to acquirefdock form.

But ... what is a group representation?

What is to represent a group?

To represent a group is to establish a homomorphism between 3
group G and a group of operators T(G). These operators T(G)aice
matrix form when we represent them in a n-dimensional linegpace V.

Warning!  The set of matrices T not necessarily form a group.
(different elements of G may have the same matrix represéotaT).

7/1/2013
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-1
V (basis 2) —M 3V (basis 1)—C 3 V (basis 1) M V (basis 2)
| MGM '

M is the the matrix of the change-of-basis

G represents an automorphism

G'=M G M'is the same automorphism
represented in the new basis

G and G' are equivalent

E=|

1 00 ' 1 0 0
Cy= efc.
010 0 cos 120 sen 120
0 01 0 -sen 120 cos 120

The (3 x 3) matrix representation is equivalent to the set
of two smaller (1 x 1) and (2 x 2) matrix representations

In general:

(2)

T(A)=a,D'(A) ® a,D (A) & .. = > a,D"(A)

H
. 1 2 _ i
. | va=via)ye via e ...= > v'a)
n

7/1/2013

14



Orthogonal basis sets

B, i) lh=s, 1=

i=1
N

oy} (elB)=5, 1= 2le)e

a=l

Changing the basis set

\a—ﬂ Z\ Z\ w = 210U
Zm%ﬂ IZW zm( )
The basis sets transformation U is unitary

8, =(iljy=LdileXal /)= X (), ("), =(UU'),

[ ¢4

We will chose orthogonal basis sets. We will alwagsseunitary representations

» If for a given representation D(gi): =100y h}, an equivalent
representation {D’(gi) : i =1...., h} can be found that is block
diagonal

Di(g) O
D'(gi) = ( N ) Vgi€G

then {D(g;): i= 1., h} is called reducible, otherwise irreducible.

» [t is crucial that the same block diagonal form is obtained
for all representation matrices D(g;) simultaneously.

» Block-diagonal matrices do not mix, i.e., if D'(g1) and D’(g») are

block diagonal, then D'(g3) = D’(g1) D’(g2) is likewise block diagonal.

= Decomposition of RRs into IRs allows one to decompose the
problem into the smallest subproblems possible.

7/1/2013
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Decomposition of a reducible representation

A representation/~® can bereducedor decomposed into aum of representations

if there exist a non-singular matrix A that turns every” ® matrix in an equivalent
block matrix form, i.e.,

D(R)

0
uvxﬂ)e&; AQ\JW(I“;)&—! = :

[}
e
:’C\

[{[=H][=]

Qtn”_;:]

I{=]
BB o

This equivalence transformatiomeduces/~ @ into a direct sumof representations
@, ro . re;

ro=rag e .. o re

The representations that cannot by simplified this way areferred to as
irreducible representations (irreps)

Character of a representation

How can we characterize equivalent representations?

Hint: the trace of a matrix is invariant under equivalencarsformations

— The character of two equivalent representations is the same
(The charactery#(R) is trace of the representatiop of the symmetry element R)
Proof:

Equivalent transformation| T(a)=s ™ T(a)- s Character: |£()= Y Ti,(a)
1 -1
T (A) =D S Tu(A) - S
ki
' - K|
l L= Sie TulA) - S4= Y TulA) D 81 Siy=
i kI K i

=D Th®) 8= Y, TelA) =7 (A)

ki k

Corollary: The conjugate elements (those in the same cldss)e
the same character.

7/1/2013
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The decomposition of a group into non-equivalentéps and into equivalence
classes is unique.

Character table of a groupis a table containing all characters of non-
equivalent irreps of a group, where the irrep5) label the rows and the
classes (Q the columns.

g C1 C;
1 1

r X ) Xg )
: (2 (2
r X ) % )
i ) )
i) x(lf X&J

Point group Symmetry operations
| b
Cop f Cs o x2) Urr@
[ nl
A, 1 1 1 1 | z yug
A 1 1 =] = R, xy
B 1 -1 1 -1 R, X7
33'\ 1 -1 —1 1 v, R, |
Characters
- +1 symmetric behavior
Mulliken symbols -1 antisymmetric
Each row is an irreducible representation

17



Classes of operations X, Y, Z
Symmetry of translations (p orbitals)
\\ R. Ry, R, rotations
Cy | E 205 30,
A 1 1 1 : % 7L
A; 1 1 = R,
E 2 -1 0 (. ¥). (Re. RY) (? = 32 =), (% ¥2)

dy, d,, d,, as xy, xz, yz

d2 2 behaves as?-y?

d,2behaves as 2z (x2+ y?) ‘ J . J
Py by, P, behave as x, y, z

s behaves agx y? + 22

Let /M and /19 (R) any two irreps of a group G of h elements, then

( : 7). Bb: o o=
E BN DRy = = 8rq 0 Ojt
R K

where the sum is extended to all group elements dyis the dimension of ™ .

Using unitary representationDy(R~1) = D}, (R)

Corollary: The Little Orthogonality Theorenfrow orthogonality)
Z _\(fl(_f;'») [\(5'](}:,'}} Y= Z i \5” \SQJ* =hdg,
Reg i

wherep; is the dimension of i-th class.

7/1/2013
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Column orthogonality in the character table; E \(,-” [\'5—”] = ?dij
i
f

. 12 .
Square in a row of the character table: Z |\'(RJ| = Z % xil® =k
R i

etc. (see e.g. Bishop 7.7) C, | E 2C, 30,

This allows an automatic building rn(1 1 1
of the character tables — |1 1 -1
|2 -1 O

w

Another relevant corollary Decomposition of a reducible representation
as a sum of irreps:

classes

_ 1 s ek § .
P= o o 4= = D xByx I By= £ 3 max”
1

f Reg

» One-dimensional irreducible representations are lea A or B.

» The difference between A and B is that the charadt a rotation Cn
is always 1 for A and -1 for B.

» The subscripts 1, 2, 3 etc. are arbitrary labels.

» Subscripts g and u stands for gerade and ungeradeaning
symmetric or antisymmetric with respect to invensio

» Superscripts 'and ” denotes symmetry or antisyntryevith respect to
reflection through a horizontal mirror plane.

» Two-dimensional irreducible representations are leal E.

» Three-dimensional irreducible representations arelled T (F).

7/1/2013
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In some groups there are couples of one-dimensionaps complex
conjugate of each other . Sometimes they are repn¢sd together as a
two-dimensional irrep.

Cs E (V'é (‘ﬁ e = e27mi/3

A 1 | 1 z, s 2 492, 22

E { } :* F‘_ } (2, y)( Rz, R!i) {.:'2 — ‘f_,l"!..f‘g,l)(;,':. xz)
Ca| E € C% | 0=2cos(2n/3)
A 1 1 1 | 2vRa o+ y*, 2%
E 2 e] a (z,y)( Rz, By) (2 — 2. 2y)(yz. x2)

The character table of ¢, and D,,, employ the angular momentum
notation:

Ml o 1 2 3
irrep ‘ 2 I A @

c,|E 2¢, C, 20, 20,
A |1 1 1 1 z XX+, 72| 7

A |1 1 -1 -1||R

B |1 -1 1 1 -1 X2 —y? (X% -y?)

B, (1 -1 1 -1 1 Xy Xyz

E |20 -20 0 [|(xyRR)| (xzy) |(xZ,y2Z),[x(x*-3y*),y@x*-y*)]

These are basis functions for the irreducible regemtations. They
have the same symmetry properties as the atomidalgowith the
same names.

7/1/2013
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How can we do a 45 degrees rotation on the sinection?

Rotating a function:

We definerotated functionto the function which looks like the original whethe
original one is referred to theoordinates axethat have beemackward rotated

Ok f(x) = f(R"" x)

7/1/2013
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s T T T 7 [/
S
.-,—:.7;.... 777

flxy) =x%

0,/2fxy) = fR ., xy))=f(yX)=(y)*(x) = y°x

MR Cl-600-0 - |
A }7)(7 ! y ’ I)l jr1 X oEtl[ ‘ :t\El:_VM :.t~ Y_.. g
B = R T W
sl L o (7] &[] -1 2] - v -
- [x]_[-x]_[1 oTx] e\l A\ Ly) g
et ot el Aafs] ) e
x] [-x] [-1 o]x ooy G S i T
61_&'_:_?:]:{0 JL} 001 t{ : l :r|\cl I l :t~_\’]‘ :xzxzt
=] [x] v oo]x e Dl (T o0
g Y I
x|yl |o X o PR o
SBHEFEL 2 o ] e
- 1;5: r'ﬂ_l(oo _}ﬂ(ﬂ 003tj"$) 1,‘03 t}tJ t[,"i(\yj‘ "
Gy 7x7:L'KJ7L_1 UJ\J"J 064t : ‘ =_{[64 i ‘ :f[\:‘x ] =-yx=-

7/1/2013
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C,, acting on g(x,y) = y’x

Op =8 Og1 8=—£i Ogs £=Fi O¢, =8
O3 8=72:0z 8=2:0; 2=f: 05, =1
) T£] 1 o7t
Oél\gJ_—g “lo g

SIHEHERNN
oc, Lo -Lol -5 s

1E) =2 1(CH=1CI)=0. 2(C2)=-2. %(o1)=%(c2)= 1(63) = %(04) =0

Px = ny(f) sin Ocos 0]
Py = Ngy(r)sin Bsin @
pZ =NZ(I‘)COS€|

The coordinates (1, 8) are invariant under C,,

The p, by itself forms a basis set for a fully
symmetric one-dimensional irrep of C,,

C,, acting on the variable p:

Gr0=-¢ G3¢

=n/2-0

C,0=31/2-¢

7/1/2013
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|

~ s ~3 R ~
EQ=0:C 0= T+0:C4 0= —7+0: C2 0= T+0;

2

GO =T-9; G2 ¢ =-0; G3 P

OE sin @ = sin @;

. I Rk
063 sing = sm[(,}l(p]= sm[; + (p} =Cos®;
- sing =sin[C o= sinr + 0] = —sino;
Oc, sin® sm[ z(p] sin[n + @] = —sin ¢;
05, sing = sin[élm]: sin[n - ¢]=sin @;
()59 sin @ = sin[62<p]: sin[-¢]= —sin ¢;

063 sing = sin[ég,(p] = sin[E - (p} =CosQ;

2
3n
2

064 sin® =sin[640]= sin[ —qo:i =-Cos0.

L _3=:
> P.C4 09 > ¢
_px_

px}_{px} Oc] Py

Py Py !

o [Px |
Px|_ Py |, 062 Py
S o
o _ Px
Px _ Py 06% Py
Pyl Lps o
o i Px
Px _ “Px . 064 Py |
px____py /

o o- Px|_| Px
0-1 Px _ Py |, °2 Py L~ Py
C4 _py_ __px_/ o
- Px|_ py}
Px “Py Os4 Pyl Lpx ’

{xy} and {p,,p,} have same
transformation properties

7/1/2013
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Symmetry of Atomic Orbitals

e

d,, orbitals have the same symmetry as the
function xy (sign of the function in the four
quadrants).

OO .
@O

Py orbitals have the same symmetry as x
(positive in half the quadrants. negative
in the other half).

Angular part of atomic orbitals in Cartesian coordinates

p: = f;=Y1°

PF”%%(K‘—Y(I) Nf:(%)‘”
Py—Nfgzi%(Yfﬁ—Yfl)

d.2 _N§3;22?/f Y?

i _Nng __% (1,.21_},271) Ns = (g)uz
d —Ngrz —%‘(Y;—FY;—I)

dey = N5 ——%(Y;’ v;?)

dy2—y N2I22;2y \}5(}/2 +Y )

7/1/2013
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An axial vectoris a quantity that transforms like a vector under groper
rotation, but gains an additional sign flip under anmproper rotation
such as areflection.

Axial vectors are represented as a cross produdinaf polar vectors:

L=7Ap & =7 ATr? B=vnAd

Rz = PLQU - PUQ’L

The components of an axial vect } = P A § are: R, = P,Q. — P.Q,
Ry = PzQz; - Rerz

C,,={E,2Cy(2), 3q,} acting on R=P,Q,-P,Q,,

We assume that P and Q are polar vectors, i.e nsfarm like r=(x,y,z)

E(R.) = R.

Uyz(Rz) = UszzUyzQy - UszyUg/sz = _P;rQy - PU(_QI) =—-Rz

Ci(R.) = (P, cosf + P,sind)(—Q, sinf + Q, cos 0)—
(=P, sinf + P, cos0)(Q, cosf + Q, sin )

= Pny - PyQ:z: = Rz

The obtained characters argg“(E) = 1, Y4C,) = 1, ¥(o;) = -1,
corresponding to the irrep A

7/1/2013
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. ; P 1 (.62 52

An example: rotation of the 2D kinetic energy opera 'H = —3 (W 3—y;)

| (3 A 0% L8

K () = cosf —sinf) [a _ 5a = cost a—é—“hm"’
Y=\ sing  cosd 3 % = sinf % = cosf

P (o)

| The Hamiltonian is invariant B a,8)=#( X,y ) |

X

Let’s consider a rotatio®[from (a,0) to (X,y] —— [Orf(x) = f(R " x)

8 dxd ya a

— +sin# 9
— =——+ —— =costl— +sinf—;
da  Odadr Oady dr a
52 a o g d(cos 9% + sin 9% ay O(cos 90% + sin 9%)
902 dada Oda dr da Ay
a? a° a? a?
a2 :60529@+200595in9 rBy+Sin298_3,P; A
5 P 42 .8 [0, (0) H(z,v)] = H(a,v)]
— =sin” #—5 — 2 cosfsin 0—— + cos” —
ap? dxr? dzdy ay? t

oo & 8 [H(e, 8) = H(w,y)
) ez tap T L

a2 ; TP
B2 - R = (cos® @ + sin? QHW +

Alternatively
OrHY = EORrV¥
OrHOROpT = EORV

H! — ORHOEI
H'®=FEd —

¢ = OpW¥
it [H,Ogr] =0 — HOr = OrH
— ORHOR' =M

| The Hamiltonian is invariant in case it commute Withe symmetry transformation

Example:

it [H,Or.(0)]=0 wheiOp_(0) = e—i0L- then, Is a constant of motion

7/1/2013
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In terms of vector and linear spaces, reducing a representation as a sum of irreps
is equivalent to determine the subspaces of the vector space spanning the
reducible representation which are invariant under the group transformations.

Invariant vector subspace means that the action of the group on the subspace is
closed, i.e., the action of every symmetry element of the group upon any vector of
this subspace yields another vector in it.

The representation of a group on a vector space V is irreducible if V does not
contain any (non-trivial) invariant space under the group transformations.
Otherwise, the representation is reducible.

‘ Symmetry and Structure in Chemistry ‘

POINT SYMMETRY

Unit 2: Normal modes as basis sets for irreps.

Josep Planelles
Dpt. Quimica Fisica i Analitica
Universitat Jaume |

7/1/2013
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Normal Modes: one-dimensional diatomic molecule

RIS e R S (9
r=y-x r,,=0 -

eq

me=m,=1 k=1 Orthogonal change of coordinates

t | | Ozx Ozxy €T
v Oyz  Oyy y ]

Normal modes: Orthogonal coordinates diagonalizing the V matrix: (OV Ot = A

det[l_)\ -1 ]—0

1 1-A
il 1 ; 2, k. .
V2 2 : V2 va | LY

The normal modes associated to a zero force constant that do not change the position of
the center of mass are referred to as rotations. Those associated to a zero force constant
that change the position of the center of mass are referred to as translations. All the rest
of normal modes are associated to non-zero force constants and are called vibrations.
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Normal Modes and symmetry

In terms of normal modes: V= 51 Zk' iiociz

1
Theorem: Two normal modes associated to different force constants can not belong
to the same irrep.

Op V(a) = V(aj) = V(R aj)

The potential energy is a scalar = invariant under symmetry transformations

— | Y=L -1|D} =0 >

2V ZZk'iaiz :Zk'iDjkaiajak
i ijk
Equation valid for all a;. In particular, it is valid for a;= 0 when i #0
k'o o:% :Zk'iD%iag Disaunitarymatrix:ZD%i =1
i i

K'j=k'g Vi
D3 =0 Viz0

k';
k',

1

|

k';y=k'p Vi —> Against the hypothesisi # 0

D(z)i =0 YVi#0 — 0@;and 0jdo not mix
belong to basis of different representations

—

If k; = ko, then {a;,a,} can be mixed by a symmetry transformation,
i.e., {al1,a0} belong to the same basis of a multidimensional group

representation (intrinsic degeneration)

It must be point out that two normal modes associated to the same
force constant could not be mixed by any of the symmetry
transformations of the system (accidental degeneracy). However, it is

almost impossible finding out an exact accidental degeneracy.

If we ignore the possible occurrence of accidental degeneration, we
can assume that the group representations of the normal modes are

irreducible. Why?

7/1/2013
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Symmetry transformations upon Cartesian coordinates

) x1 -1 0 0]/ 0 0 0 0 0 0y /sl

VL ¥l 0 -1 0/ 0 0o o 0 0 0)\[y

' 71 0 0 1/ 0 0o o0 0 ol]| =z

(oYl x2 0 0 0] 0 0 o -1 0 0]«
/Ny Gly2|=l0o 0o o0 o of 0-1 o]y
| ) z2 0 0 o0o/lo0o o 0o 0 o0 1]||=z

H: ! H; x3 0 0 O0|-1 o0 O 6 0 0 x3
¥3 0o 0o 0o/ 0 -1 o o o ofl|y3

z3 0 0o oo o 1 0 0 o0/ \z

x(C) =-1

¥(CH=(1+0+0)(-1-1+1)=-1

z

Normal Modes: el methane CH, case

T, | E 8C; 3C; 85, Bay h=24
Ay 1 1 - ) x? +y? + 22
Az 1 1 1 =1 =1
E 2 -1 2 0 0| (322 —r2,22 —y?)
T |3 9 o=l g =1 (Rz, Ry, R2)
Ts 3 0 -1 -1 1| (z,y,2), (yz, cz,zy)
x*Y*® 3 0 -1 -1 1
Nz |5 2 2 a 3
x@V) |15 0 -1 -1 3
CHy A Ay E T Ty Normal Modes
e 1 0 1 1 3 Symmetry yicm)
TF;Z? g g 2 ! 14 20170
Vib. 1 0 1 0 2 Active modes 2E 15336
IR active no ne no ne YES 2 3T 3019.5
Ramanactive | YES no YES no YES 4 4T, 13062

7/1/2013
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Methane Normal Modes

‘ Symmetry and Structure in Chemistry ‘

POINT SYMMETRY

Unit 3: Direct product of representations.

Josep Planelles
Dpt. Quimica Fisica i Analitica
Universitat Jaume |
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32



Direct product of representation

(0]

Let fu belonging to the irrep “i” and Qg to the irrep “j”.

11

iy : 1
]
Rf,= 2D u(R)f, Rgs=2.Dw(R) g,
1 v

Then, we build up the Cartesian products: fugv

R(f,9p)= REHR@p =Y S D w(R)IDW(R) £ 9y

v

We unify indexes by defining: hg = udv o hp :fagﬁ
1) i i
—— D op (R) =D LLOl(R) D\B(R)

1) 19 i i i ]
—— % (R)=3D0 (R)=YT D (R)Dw(R)=1 (R) % (R)

nov

Direct product of representation

(7]

Then, from two representations ' and 'l of a group G with dimensions d; and
d,, respectively, we have defined the so-called direct or Cartesian product of

them, [®i=T"® [, which is a (d; x d;) dimensional representation with matrix
elements:

VREG [D'® (R)gw)p) = Dia RIDJy(R)  pa=1...d; v,p =1..4,

In this equation (ik) labels a single index ranging from one up to d. x d, as also (jl) does.

The product yields a new, a priori reducible representation with characters:

X R) = x"(R)x (R)

Example: Cio E 20, €y 26, 25y
By T -1 1 —1 1
E 2 0o -2 0 0
BQ @ Bz 1 1 1 1 1 = A
E®F 4 0 4 0 0 =A19A2@8B1 & Ba

7/1/2013
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Teorem: The decomposition of the product of two irreps
contains the representation totally symmetric (A1) only if both

are identical (except for conjugation, in case of complex irreps)

Proof:  Just consider the theorem of the orthogonality of characters

v g >
a, _-gLZnC[}[ © 7" 1D =04y

Eigenvectors of an irreducible representation

A vector 1 f belongs or is transformed according to the i-th basis of the irrep I‘f
if YR eG: dy
o E I mdf eh
Rz;? = W Dﬂ(R)
J=1

The set of vectors {L/ﬂ{, tl'g . L‘J(J;f } form a basis.

Teorem: If Q/);f ’(/)Jg belong to bases of different irreps, they are orthogonal
Fr.n9\
(% |7wbj> =074C

Prior to prove this theorem, we are must clarify what does “a symmetry
transformation acting upon an integral” means (an integral is a just a real or
complex number...).

7/1/2013
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Vanishing Integrals

Consider the action of a rotation on the integral 1= j f&— (x.¥) dxd»

An integral (which is a number) must be
invariant under any symmetry transformation.

Rotate an integral must mean calculating the
integral once the function is rotated in the
« Opposite direction.

;T Ok f(x) = f(R" x).
Teorema: If f}{ is not a basis for the fully symmetric representation, then 1=0

Prof: RI=I —-lZRI=I
gR

I

Ly RI=L [ 0r i) (0 dx =13 [T DLR) & () dx
9k 9 R 9% %

A Du R v (9 dx= T8, Sy [ (9 dx

— I=1 8rA1 5“1

Vanishing Integrals (cont.)

Teorem: if @D;f ’ 'd)}q belong to bases of different irreps, they are orthogonal

(Wl [9?) = 65,C

Proof: Just consider that if the irreps are different, the decomposition of their

product does not contain the fully symmetric irrep and hence the integral must
be zero.
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Spectroscopic selection rules j\pi (r)*‘r‘ Ve (r)dr

Selection rules of diatomic molecules in microwaves
Absorption <Y | 1| Yrm >
D1en ®Dpy® Dy gy
Dy®Dy=Dpnr®Dnr @Dy 29©..9D 1y

g@g=u®@u=g.gQ@u=u®g=u

AT= 1]

Raman <Y | ol Yrume >

(Or10)® D120 ) @(DogeDog)

Vibrational (IR) spectra

BF;is a planar (D) or a pyramidal (C,,) molecule?

A1 (888 cm-l, stretching)
cm'l IR Raman
: "> (719 cm-l, stretching+bending
4820 Strong Medium A"2 (719¢ stretching+bending)
E’ @82 cm, bending)
719,5 Strong _
888,0 - Strong I
Dipole S
moment Polarizability
pyramidal (C;) Tv = 2A1 @ 2E A, @ E A1 & E

Ao A @2 F A" @ F Ao E o E

|

PLANAR

planar (D;,) Ty

7/1/2013
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‘ Symmetry and Structure in Chemistry ‘

POINT SYMMETRY

Unit 4: Atomic and molecular orbitals.

Josep Planelles
Dpt. Quimica Fisica i Analitica
Universitat Jaume |

Projection and shift operators

Action of the symmetry operation R
on the #th function of the irrep /I~

Some manipulation —— D

iIr ZD

Then, we define PE“ —

B

’EZDL(R

pt :”TZD (R)*R ——

Rf = Z D], (R

R = ZD

“R = Z o ZD o

r
P,

r
)* R — Pcr,u.

T
R)/,

D, (R

Zf,, ’SVO' = g

r s
v = fcf()ﬁ“’

r _ (T'g
pdv _fy,é,ur/

ZP ”PZ "(R)* R — PUfL =T

R

7/1/2013
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Hibrid Orbitals(sp?)

Ag_1 1 2
PH—E(E+C3+C3+G1+GE+03)

E_2 1~1 1.2 1 1 E_2 43 .1 V3 2 V3 V3
Pru=gE-2CazCa ot z0%50) Prgz Cag Cot o7
e_2 V3.1, Y3 .23 _ V3 E_2,. 1.11.2

Pu=gtz Cat 7 Carz 00709 P g(E-53Ca 300 50509

PS,h,=0

E 1
(h3-hy) Pashy =§(2 hy-hy-hj)

[s1| % % Y% |1n,]
Py|* 2/16'1/1%'1/@ h
Px) | o Yz Yz ] Lhs

vh1‘ 71/1‘@ 2/@ 0 | S
hal=| Yis - s Yiz || oy
hs) | iz - Vs Vi | LPx

7/1/2013
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Using Projectors (only characters are now needed):

A1 1 2 =1
P _E(E+CS+C3+G1+GQ+GS) 5——3{h1+h2+h3)
E 4
P =%(2 E-Ci-C))
Non-orthogonality problem:
E. 1 o (2hy-h,-hy)
P h, =§(2 h,-h,-hy) orthogonalitzation: 6
E__1 1
P h2—§(2h2-h3-h1) ﬁ(hz'hs)
Molecular Orbitals:the water molecule case
@) @ | nibria b: 1
b, | ’ |
™ I | a |
. (J_ | . ! (o | .
_ - by Y By o —
2p by T ; ; ap |
i | : | :Hl | by . /f :
2N B AV | o= |
T | h , !
b‘ ‘\_)_ i . ! K / |
_ 2 M |
M ! S 1
Ig,' a } |
n
A

7/1/2013
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Molecular Orbitals:the benzene case

Polynomial equation of degree 6> x = #1, #1, #2.

x 1 0 0 0 1 ¢ _ _
Then, we should find the associated eigenvectors
I x I 0 0 0
0 L x oo =0 The set of 6 AOs 2pz form a basis for a reducible
00 1 x 10 representation of the D6h group and also of its
00 0 0 1 x 1 subgroups (D6, C6h, C6)
1 00 0 1 x
D, | E | 2G| 2G| & | 3¢, 3cn
r | 6 [ o] o] of 21 o

I=Ace B Ei @ Ex

We can calculate the D6 symmetry adapted basibgaheans of projectors:

Ay _ E+Cl+cl+clsci+c,-
—CHh(D-C22)-C2(3)-C" ()-C"2(2)-C", (3)

P

B, _ E-Ct-Cl+Ci+Ci-Cy-
—Cr(D=-C2@)-C23)+C N+ C"(2)+C"2(3)
etc.

PA20) =2 (9 + 62 +03 + 04 + b5 +06)=0]
PPy =2 G1-02+03 —bs +d5—b6)=02
PMo1 =201 +62 =03 -2 04 —05 +06 =03
PPos =01 +2 02+ 03 =04 =2 65— 05 = 04
P29 =201 02 -03+2 01 —05-06=05
PF205 = =01 4202 63— b4 +205 -6 =0g

Problem: the projections upon multidimensional irps are not
automatically calculated orthogonal

<P3[Py>#0 <P5| P> #()

Symmetric Orthogonalitzation

40



Ti(An) =2 (h1+2 b3 + 61+ b5 = b6) */';I“
‘Pz(El)=$ (01 =02 =205 =04 + b5 +2¢¢) X
‘1’3(E1)=‘§ (01 +d2 —ds—d5s) 3\. o o
‘P4(E2)=?JJ§ (b1 +d2 =203 +04 +d5 —206) )/. o
TS(E2)=% (01 =2+ 01 —05) 2 £
‘Pé(Bz)=j-]g (b1 —02+03—bs + b5 —de) o e
_ i Elj Eq
E, 1
o O
A
H= Eg
Ao
B,
The C6 group is Abelian
Cﬁ E Cﬁ C3 Cs (‘; C;
(6)
A 1 1 1 1 1 1 YiAa) =_J% (¢l+¢2 +03 +¢y4 + 05 +¢6)
B 1 4 1 4 1 4 Py (E))= :}g (b1+862 —£03 —d4=205 +£6)

Il £ T | —8. & } \I/3(E1)=:/l—6-(¢1+5‘¢2 -£03 _¢.4—g’¢5 +5¢6)
1 4 . FaE2)= :/1‘5(4)1—5’(1)2 —ed3 + 04" ds+£d¢)
{l - - 1 - -£ } TS(E3)=:/%(¢1_5¢2 —£b3 +b4=ebs +E06)

. . W5 (B) =_~/JE (01 -02+03—04 + 5 —d6)

Az

7/1/2013
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‘ Symmetry and Structure in Chemistry ‘

POINT SYMMETRY

Unit 5: The symmetric or permutation group.

Josep Planelles
Dpt. Quimica Fisica i Analitica
Universitat Jaume |

Symmetric group of permutations

1234 1234
(4132j XX XgXy = X X X5Xy [4132j_ 142)(3) = 142

Example 1: (142 XX XX, = X XXX,
Example2: A= )(12X2X3 + 2X§X§ @2A= X22X1X3 + 2X12X§

Item 1. Disjoint cycles commute

2909 = oe]=| o] - 92

54231

Item 2. Cyclic permutation, e.g. (123)=(231)=(312)

123) (231
(123= (231] B (312] =23

7/1/2013
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Item 3. decomposition of a cycle as product of tspositions (ab)
(123 XX, %5 = X, %%
12)(23) XX, %3 = L2 XXX, = XXX
Caution to the ordering!
(23)(A12) XXX = 23X XX = XXX, = (132 XXX
(23)12) = B2)(21) =(32) = (133

Item 4. The product of two cycles in reverse orgezlds the neutral element

12)(2Dx,%; = A2 XXX = XX %5 = XX, %

(123(32) = 12)(23(32)(2]) = Qe = (2D =€

} (23F 12 (23

Item5. Products of two cycles with repeated elensent
12)(324) = @12)(243 =(1243

Definition. A permutation is even (odd) if the number of trgpositions it
contains is even (odd)

e iseven(zerotranspodions)

(123)(67)=(12)(23)(6 7)édd(3 transpogions)

(246)= (24)(46)éseven(2transpogions)

Conjugation relation and equivalence classes

q~p < q=t'pt

reflexivity :a ~ a(a=ea€"’ = eae=ea=a)
symmetrya~b « b~a (a=t"bt « tat™ =tt'btt™ =b)

transitivity:a~b,b~c=a~c(a=t"bt = t"s"cst=(st) "cst=r"cr)

7/1/2013
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Example S, (3 classes):

° Ei={e} identity (EETRNEER

~._/ E\\—”f
° £={(12),(23),(31) } 2-cycles (31 ~ =4 (23)
. &=1{(123),(321) } 3-cycles 02)

%

‘ Permutations with the same cyclic structure belotogthe same class‘

n!

Number of elements in a class(v) = (11 2¥2..n%n) [ ——F—
Hl 1 IVI'

31

=) 53550300 !
3!
(12): 1'11-2'113%! 3
31
(123): 1°012°0131! 2

Partitions and classe (v) = (1V1 2Y2..n¥n) —— n=vi+2wm+.nv,

vi+tvot..vh=0M
V2 +.... Vn=}\.2 }\,1 +7\,2 +.... )\,n=n
M= 2. . Ay 20

Vn =An

Label of clasgv) o [A]: (1V1 2¥2..n"n) [A] A2.... Ap]

ExampleS,

partitions of 4: 4= 4=3+1=2+2=2+1& 1+1+1+1
classes of 4: N1 2B (2 @1 e
classes of 4: [4] [31] 32 [21] [14

44



ExampleS, partitions of 4: 4, 3+1, 2+2, 2+1+1, 1+1+1+1
4 4!
[4]- e (1) () 3) @) (O
[31].- Cicles de 2 : (12); (13); (14); (23); (24); (34) 6 @ s
[22].- (12) (34); (13) (24); (14) (23) 3 @) g
[212].- (123); (132); (124); (142); (134); (143); (234); (243) 8 GO 78
[14].- (1234); (1243); (1324); (1342); (1423); (1432) 6 @ g
Partition Cycles structure Cardinal class Example
[4] (1%) 1 e
[14] (41) 6 (1432)
[22] (22) 3 (14)(32)
[217] (1131) 8 (132)
31] (1221) 6 (12)
Classes and Young Tableaux
11 Ex. Partition [212]
MtA+.. Ap=n Sa, L] A2 | =
M= 2. Ay 20 ] i
ExampleS,
IR Young Tableaux Dimension
By 1ty B %@h s S
141 [z[z]4] 1
even odd even even odd
(51 E}2|3|H3|4||§|2|4| , [4] LT
[31] H:D conjugates
(22 2 [22] BH selfconjugate
e [ Cll=s
[212] 3
4] 4] 1 E
[14] 1
[4]

7/1/2013

45



Caracter Tables

We build them by using the orthogonality theoresnywih the point symmetry groups

g, 2y Y2y 8s | 1%y vy mE
[2] 1 1 [31 1 1 1
[21] 2 o -1
1% 1 -1 [13] 1 -1 1
8y ey Sz1® Y2k %3y e
o (I T T T L < E
mun 5 0 1 o - Please note:
n
B 2 0 2 -1 o - F ey =(-n?
E:‘ -t -1 0 g Coni a
jugates il _ P U
T @)y==D" (@)
E IS I R T s

Selfconjugate

Theorem The decomposition of the tensorial product of twepis of the symmetric
group contains the fully antisymmetric irrep"[if and only if the irreps
in the product are dual of each other. In this cake multiplicity is 1,
i.e., the [I] irrep appears only once.

Remainder: @Y=M @) 1Y (@)
M@y =17

@) =Pt )

Proof: a[ln] — Il' ZXH()DV(P) X[ln](P)
P

LY@ V@) <P
P

=LYt e) VP =5,
P
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Obtaining spin-adapted functions . . sy | (12) (23)
(using shift operators) :

31 1 1 1 B3l 1 1

- - 21 2z o -1 V3
Spin functions: 21l 10 R
1% 1 41 1 [21]) -
11 0 -1 FE
0,=|3.3.1> = 2aap — afa - Paa
11 [13] 1 1
O,=|%,5,2> = afa-Paa

10
Orbital functions: ( ijk represents ¢i(1Dd;()dx (3) ):  23= (123 :(o _J[@

X1 = ijk + jik — 3 ikj — 3 kji - 3 jki — 3 kij LAY (1 A
12 = ikj - kji + jki - kij 132= a23‘1=[_j§ ] =[@2 j)
2 T2 2 -2
&5 =ijk - jik +2ikj + < kji — 4 jki - L kij L
&) = ikj — kji — jki + kij 3= azmsz)z[ H ]
2 2

Total wave functions: (¥ =) %Ok ):

W11,(L2,3)=(101 +%292)
V11,(1,2,3)=(§101 +&207)

272 <

S (12) (23) (34)
[4] 1 1 1
1 8
10 0 T 0 0 -1 A8 o
(31 01 0 o =1 43 L1
00 -1 g 2l 0o 0 1
1 0 1 3 1 0
124 T
V3 1
.L‘ -1 53 0 -1
1.0 0 -1 B 9 -1 0 0
2 o -1 o BF 1o 0 -1 8
00 -1 0 0 - o £ 1
14 -1 -1 -1
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‘ Symmetry and Structure in Chemistry ‘

POINT SYMMETRY

Unit 6: Symmetrized powers of group representations

Josep Planelles
Dpt. Quimica Fisica i Analitica
Universitat Jaume |

Powers of irreps An example:

Ca, E 2C; 3o,

Ay 1 1 1 z 72, x2+y?

A, 1 1 -1 R,

E 2 -1 0 (X.Y) (X2-y2, xy) (xz, yz)
EQE | 4 1 0 (XX, XY, YX,YY)

E®E=A1@A2@E

S | Em o Y2
[2] 1 1
1

1
P =5(E*Py)

ERE=3[21@[17]  xy+yx

EQE | 4 2 [(XXXY,¥YX,yY)

symmetric

2 2
X +y- 7 Aq

2 2
X -y E

antisymmetric
Ry=XYy - yX — As

EQE=A, ®[A,] ®E

7/1/2013
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The basis set of the second power of an irreducible representation can always be
decomposed as a direct sum of two subspaces stable (invariant) under the S2
permutation symmetry (symmetric and antisymmetric). Each of these subspaces can
in turn be decomposed into subspaces stable under the point symmetry group.

C3V E 2C3 3GV
+
Ay T T EgE= A®E
A, 1 -1
E 2 -1 0
A®E| 3 0 1

3 (E) = 5 [33(E) £ x,(ED)] =
1

(€)= 1) £ xp(CD] =5 £ (1)) =)
1

<F (@) = 5 [xE(63) £ x(c3)] =

3
(4i2)=1

2=

in](R)= ; FHOEALS]

Ll [z nlw)]

2
2 A,

1

n
3 )
In general: )(l[fn] (R) = % Z xM () me 1_[)(1” (RY)
) i=1

CESy
n the power
[A] irrep of S,
N dimension of [A]
C class of S,
me number of elements of class C

x(C) character of the irrep [A]of Sn

x(R)  character of the irrep L of the point group

Vi number of i-elements cycles of C

J. Planelles and C. Zicovich-Wilson,
Int. J. Quant. Chem. 47(1993) 319.
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Boyle Tables(Int.J.Quantum Chem. 6 (1972) 725-746 ):

TasLe II. The symmetrized cubes of the irreducible representations of
non-centrosymmetric point groups.

¢ ES = {24 + E| o} + {E| &}
c o iz i E]:| ;}l } +{{ El'! Py Py | PR 2RY) R)ED
E® ={24" + E"| o9} + {E"| &} oy 1 1 1
Cyy» Dy E? = {dy + 4, + E| &3} + {E] 6} Ay 1 ! -t
Dy B = (A + 4 + B'| )+ (E'] 6} s 12 i 0
ES = {d] + 45 +E"| o} +{E"| &}
Caépggsn B = E| @) +{E| 8) 23\/ 1E 2(1:3 36%,
'4v 2 U4
Dya s Sy B = {E, + By| 1} + {E1| 6) A1 1 1
Eg:z{Eﬂdx}"‘{Ez"’} 2
B = (B, + By o1} + (B &) E 2 -1 0
; H HE : E® | 8 -1 0
Coovs Dy E3 ={E, + Eg| o} +{Es| &} (B, =ILE =4, ABA,BE| 4 1 0
T E*={24 + E| &} + {E| €} :
T3={A+3T|dll}+{d|.alz}+{E+2T|o’} Ele | 4 2 0
7,0, EP={d, + 4y + E| o} +{E| &}

T ={d + 2T, + Tp| o1} + {41 | 3} +{E + Ty + Tp| &}
T ={dy + T, +2T,| o3} + {4,| o} +{E + Ty + Tp| 6}
K D} ={Dy + Dy | )} +{Do| #,} + {D, + D,| 6}
Dg:{Do"'Dn"'D: + Dy + Dg| oy} +{D; + Dy| o3}
+ {Dy + 2D, + Dy + Dy + Dy €}

Boyle Tableqcont): Terms of electronic atomic configurations

TasLe I, The symmetrized cubes of the irreducible representations of K

D} ={Dy + Dg| o\} +{Dy| o3} + {D, + Dy | &}
D} ={Dy + Dy + Dy + Dy + Dg| &} +{Dy + Dy| o3}
+1{Dy + 2D, + Dy + Dy + D | 6}

Djp = {Dyja | 4} + {Dype | €}
Dg,'s ={Dyjs + Dyjz + Dypa| s} + {Dspe | EARS {Dy2 + Dyje

+ Dyjs + Dy | €}
DYy = {Dyjy + Dy + Dypa + Dyjp + Dyypa + Dygpn | o4}

+ {Dyg + Dyjy + Doy | 5}

+ {Difp + Dyjp + 2Dy + 2Dyys + Dyjp + Dyyja + Dygp| €}

Terms of pconfiguration Terms of &tonfiguration

D} = {Dy + Dy + Dy + Dy + Dg| sy} + {D, + Dy| 5}

DY = Dy + Dul ) + Dy 03} + (D, + D, 6)
BT AR TR + (D + 2D, + Dy + Dy + Dy | €}

D3y = {D A} + {Dyy| €
DYp = {Dyja| #1} + {Dype| €} e = {Doje | #1} + {Dye| €}

Zp, 2D, %s 4p, %F, 2P, 2D(2), %F, %G, *H
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Boyle Tableqcont): Terms of electronic molecular configurations

configuration t;:
3 3
=AM +T + 2| B3RO AL [I" PO E+T, + To| [21]}

Df/z = D32 BI@ Dy 2 [211}

. 2
YAy + YE+ CTy+ T

configuration tge:
t3 =A| +E+[T}]+ T,
2

2
subconfiguration t5:
3 1 | |
— "T1+ T+ 'E+ Ay
2
subconfiguration e: ~ E

. . . 2
Terms in the configuration t5e:

CTy+ '+ "B TAp® 2B

= 4174 ' 1 T+ )+ 2A+ A, + CEQ)
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i ) 2
configuration toe 4T1 + 2T1(2)+ 2T2(2)

) . 3
configuration ¢ ™ :

e = A + Ao +E[[3}@ E| [21]}

fo » =321 BO Dy 2| 211

Correlation diagrams (Tanabe-Sugandyonfiguration

Dy@D;=Dy@ [Dﬂ aD,® [Dl] & Dy SE<ID<PIGLIS
de i

D—)T2<E dy dyz dez
G—= Ti<Ty<E<A;

P—>T1
S—)Ai

Di/2®Dyj2 =Dy @ [Dp].

F - Ti<Ta< A
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d? configuration
. ]

FoTi<T:<A
D - T;<E
G- Ti<Ty<E<A;

P—>T1
S—)AI

\j

Tanabe—Sugano diagram for the Ni(ll) 3d® in octahedral CF.
vertical dashed line indicates the CF strength for MgO:Ni?*.

Ty
!
T
[
Iy
/ / "|‘|_
W
T
1
— Ay
N. Mironova-Ulmanea,M.G. Brikb, I. Sildos
Journal of Luminescence 135 (2013) 74-78
1 *Ay,
N | i | | | 4
o o5 1 15 2 28 3 a5 4 Dg/B
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V3* (d? configuration) ion
in a-ZnAl,S, host crystal.

S. Anghela, G. Boulonb, L. Kulyuka, K. Sushkevichc ‘F i
Physica B: Condensed Matter 406 (2011) 4600—-4603 il T L T jrlx
] 10 20 0 40

V3*in LIAIO, and LiGaO, are indicated by vertical lines
S. Kuck and P. Jander, Optical Materials, 13 (1999) 299-310

80+
70
70
60
60+ % 3
50
504
1] 40
i 407 Absorbance
304 20,000 ?0
I — T 2% e
1 20 - E’ “, Eg
,D f— o - P 1D
P 0 19 T
A
1 e N ’F .
F T T T 1 T 10 20 30 40
0 1 2 3 4 A
Dg/B B

Octahedral Ni(ll) complex (d®) by Robert J. Lancashire,
http:/mwwchem.uwimona.edu.jm/courses/Tanabe-Sugano/TShelp.html
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‘ Symmetry and Structure in Chemistry |

POINT SYMMETRY

Unit 7: Continuous symmetry: Lie groups

Josep Planelles
Dpt. Quimica Fisica i Analitica
Universitat Jaume |

The group of rotations around an axis: C o SO(2)

Co | E C2,¢€(0,2n) |

This group has infinite number of elements, @ € (0, 2T). It is a commutative
group, i.e. has an infinite number of classes. Then, its character table cannot
be derived from the orthogonality theorems, used for finite groups.

infinitesimal rotation C'g¢ on f(6):

(ivgqﬁf(ﬁ) = f(H L &;‘;) — f(F}) — 00 f = (1 = 5@*);)f(9)

Remember: [, = —‘iﬁd%
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Zle

. 5 ch C .y .
Finite rotation: C'¢ = lim (C2)N  with 6 = lim

Remember: e = lim (1 + 1 )N
N—-'x( N)

L
iNRT iR

1 oLz o

= : 10PN : —i¢pL. /R

CF = i ()7 = Jim, (H—) s
¢L

The eigenfunctions ofLAZ are eigenfunctions Gf

Cv;)gjtﬂ-[@ — Ef?‘ﬁbL:/ﬁJL‘(Q) _ |:1_ %Lz—.—i(z;} Lz)2+ :| E.‘?’AIG

1 ‘ i
= [1 — ioM + 5(—:’@)ﬂ[)2 4o, ] el

—The eigenfunctions of Lz are bases for the irrepstloe SO(2) group. ‘

(‘:ilg.i.M'Q - Elfil\«fqbpiﬂ'fﬁ'
5 € 2 3

The line group SO(2) or Go:

C» (també SO(2)) | E 94 Bases
0 X 1 1 1, =, B
1 e_iqb 0
=3 | I { i i o0 } (*f-y)
‘ 1 o—2id (2i0
+2 A { 1 o 2i o—2i6
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The symmetry group of the sphere K or SO(3)
(special orthogonal 3D group

— —

Since L, = L -k  the rotation op#ar around the z axis (defined by the
.7
vector k) is:C’f — e ixlk

The symmetry group of the sphere K or SO(3)
(special orthogonal 3D group

Finite rotation around an axis defined by the vecto: Cfff = e

The sphere group K includes all rotations around aphere symmetry axes.
K is not a commutative group. Rotations of the saamgle around different axes
belong to the same class.

Since rotations cannot change the length of the atgr momentum
(since L#=Lx #i Ly and |[LM> is an eigenfunciton of Lz).

Then, the complete set of functions {{LM>, M=-L,L} are basis for the irreps of K

K (també SO(3)) | I oo C?

S Dy 1 1

P D 3 1+ 2coso

D Do 5 1+ 2cos¢+ 2cos20

F Dy T 14+ 2cosd+ 2cos2¢ + 2cos3o
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Decomposition of the direct product of representations

The same than that of angular momentum

D11® Dll :D]l+ll ® D11+13-

"o,

pltl —p2lgpZ2gpig

Symmetric and antisymmetric pa{ 1®1

Dl[é)]l :D21—l @D21_3 @DZI—S ®

plep'-p? @2 ep?2ep23jepi e,

Group of the CO molecule: G,

In a similar way to:
C 3v | C 3 | E 2C 3 ‘ 3GV
Civ=ov@ (3 Al L I I
A .
A, l 1 -1
E JE{F|2 2cos2n/3| 0
We have:
(_;_ch_} — O-'U 'N/: (—’x 1
s | B C f oo, | Bases
Bt 1 1 1
> il 1 -1 R.
11 2 2cos o 0 (z.y)
A 2 2cos 20 0
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Decomposition of the direct product of representations

CXL' ‘ E C;.D OO0y
IoIl| 4 4cos?o 0

14 cos2p = 2c0s2¢p —— 4dcos?¢p = 2+ 2cos2¢

— JIelI=%XtagX A

Alternatively:

‘ Symmetry and Structure in Chemistry |

POINT SYMMETRY

Unit 7b: The translation group

Josep Planelles
Dpt. Quimica Fisica i Analitica
Universitat Jaume |
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Grup de translacions

Translation operator: T, f(z) = f(z + na)

Linear momentum as generator of translations’/ ), — e**™P

P sy = S 00 1)

= R = f(z+an)

J
Since ne Z the translation group has infinite number of eleents.
It is an abelian group Zf’nf’m = Tan = glalntm)p

Then, it has an infinite numbers of one-dimensionaireps

The eigenfunctions of the linear momentum are also eigenfiiions of the
translation operator. Then, we may employ the eigenfuncisoexp(ikx) of
the linear momentum to calculate the character table.

| E T, neZ ‘ basis
k.| i eikna ‘ ez'k:a:

The eigenvalue k is not bounded. However, the efgections associated with

k'=k+2 im/a, me Z are equivalent (have the same characters).

The fully symmetric Airrep corresponds to k = 0. Therefore, it is convent to

defineke (- ifa, /fa) This region is called thé&irst Brillouin zone

The Bloch functionsp, (r) = e*k* u(r), on u(r +a) = u(r).
are also bases of the irreps of this group.
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‘ Symmetry and Structure in Chemistry |

POINT SYMMETRY

Unit 8: Spin functions and double groups

Josep Planelles
Dpt. Quimica Fisica i Analitica
Universitat Jaume |

Spin functions and double groups

Let’s consider C,: Ca ‘ E G ‘
Al 1 z
B|1 -1 |ay

Since the eigenfunctions of L, are bases of the irreps of C, they must also be bases
of the irreps of C,

E 61??19 = Eﬂnﬁ'

CQ eim-@ _ Eim(B—ﬁ') " E—imﬂ' Efimﬂ m=04+1+2...

“,n “on

The eigenfunctions with even “m” are basis for the irrep A, those of odd “m” are
basis of the irrep B.
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Consider the action of C, on the function f(&) = Exp(-i €/2)

E o 10/2 _ —i0/2 ¢y ‘ E Oy ‘
A1l 1 z
5] 6‘716/2 - 671(8777)/2 _— 616'/2 B 1 1 ry

C; | E Cy|

L |1 i |e %72

The one-dimensional I representation is obviously not reducible, but it is neither A nor B!

The paradox comes from the fact that when acting on these functions . % + L

We define () = sz % [: and complete the group by carrying out all the products:

C;={E,C5,Q=C2,Q®C, =C3}

The resulting group is abelian and it is isomorphic to C,

The abelian group obtained, isomorphic to C,, is referred to as double group of C, (C,*)

GlE G Q Q80

1 3 4 1
Py | 4 =1 1 4
Py | & 4 A i
Pe | 0l of i

Consider the action of this group on the functions z, x, 92 and e'92,

It is immediate to check that they are basis of the irreps [, I',, 3 and I, respectively.

Furthermore, if we remove Q and Q®C, (and therefore we remove [, and I,), the
functions z and x, basis of I, and I,, become basis of A and B of the group C,, as we
already knew.

Why are we interested in building up double groups? Because like the functions
e*18/2 the spin functions flip the sign if we rotate them an angle 2Tt

6_—1‘-27r.§';/h‘a> _ E—i?w(ﬁ/2)/h‘a,> = @)
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Summarizing:  R(6+27)=R(6)
Iff(6) 2f(6+279 but f(q) #f(6+27m)

we say that f(8) is m-evaluated.

The multi-evaluated functions cannot be used as basis to represent a
group because O, f(€) Zf(R™6).

The multi-evaluated representations cannot be ignored because they
are important in Physics! (e.g. the spin functions)

The strategy followed to build C,* shows that we always can construct a
group G* with all representations single-evaluated starting from a group G
having multi-evaluated representations.

Every irrep of G (single- or multi-evaluated) is single-evaluated in G*.

The orthogonality theorems are applicable to double groups G*

‘ Symmetry and Structure in Chemistry |

POINT SYMMETRY

Unit 9: Dynamic and degeneration groups

Josep Planelles
Dpt. Quimica Fisica i Analitica
Universitat Jaume |
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System

Symmetry Group ‘ \ Dynamic Group

Linear transformation of the Group that contains the whole
states which commutes with energy spectrum as a basis of
the Hamiltonian: [H,G]=0 a single irrep:

The ladder operators reach
every eigenstate
Degeneracy Grouﬁ

e.g. The Heisenberg group for th
harmonic oscillator and the
SO(4,2) for the hydrogen atom

14

The degenerate states belong
to the same irrep.

The ladder operators reach
every eigenstate within the
degeneration

Dynamic Group > Degeneracy Group> Symmetry Group

Dynamic groups: An example

The Heisenberg group and the harmonic oscillator

Heisenberg algebra

[ ) 1] =0
Elements{1, p, q} Commutations: [q, 1] =0
[ ,CJ] =

Alternatively: p+ — % <( - %) = %((1 —ip) bt,1] =0

1 d 1 .
b=ﬁ<Q+d—q>=E(Q+w) [b,bJr]:l
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1
HO Hamiltonian: H = — (p2 + q2)

2
.
M, b = —b } (M) = ed) = 5 (b b7) = =i
H_pt ot
PO =073 e 2y =l = = (b= 8%) =g

Group element:

G(a, B,7) = expli (a,ﬁb++’yb) e [H, G] 7£ 0

|v) = —=(b")"10)

The Heisenberg group as a dynamic group:

-
_ 3

|0) = —=b"|v)

Val

The SO(4,2) as dynamic group for the Hydrogen atom
B.G. Wybourne, Classical groups for physicists, h

Degeneracy groups: An example
The SO(4) or R(4) group and the Hydrogen aton

The SO(4) Group

3D rotation (x,y,z) A1 = 20, —yd.
4D rotation (x,y,z,t) B; = x0; — t0, By = yOy — t, B3 = 20; — t0.

Ay = 20, — 20, Az = y0, — 20,

Commutations

[Ai, Bi] =0 [A1, Bo] = B3 Ay, B3] = —B>

[AiaAi—i—l] — Ai—}—Q [AQ, Bl] = —B3 [A2? B3] — Bl
[BiJBH-l] — Ai—I—Q [Ag,Bl] _ B2 [A?,,BQ] = —Bl
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1 1

[Ji; Ji—i—l] — Jz 5 ——> Angular momentum algebras,
[K@', K”H-l] = KH_Q —> Angular momentum algebras;
], K] =0

‘ {J:} and {K} span two disjoint subalgebraf) K;=0) ‘

We define (analogy with angular momentum algebra)

)
J3 Hy = —2K3

(J1 £ iJo) Eip= §(K1 + i Ky)

Hy =

-

Ei(y =

N | =

The associated Casimir operators¥&nalog.)
2
F\=H?+E,E_,+E_,E,
2
Fy = H2 + EﬁE_g —+ E_BEﬁ
Casimir operators acting upon functions:

) 1. . )
Filjima) = 5]1(]1 + 1)[j1ma)

) 1. . )
Fy|jama) = 5]2(]2 + 1)|jama)

C=NnN+1F5

Define symmetric anti-symmetric part.[ . .
Fl —F2 =0—>J1=J2

Cljima)ljame) = 5 [71(j1 + 1) 4+ j2(j2 + 1)][j1ma)|jama)

| —

7127+ 107 = 1) = 7?1

n=123,... Degeneracy:n’

G+ =72+j=
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Lowering symmetry: SO(43= SO(3)

J1®je=U1+70)@U1+j—1)@ - D|n+j2

DO() — DO (18)

D — D1 & Dy (28 + 2]))

11
22

Dy - Dys@®& D1 @& Dy (3s + 3p + 3d)

‘ Is SO(4) the degeneration group of the Hydrogenmtb‘

2N

2
D
Hydrogen Hamiltonian: = o

Invariants: [, = r X P

H, L] =0

1
R:i(LXp—pXL)—FZE [(H,R] =0
T
We define
A1 = —’iLx AQ = —’iLy Ag = —ZLZ
Bi=——R, By——"R  Bi——_p
‘T V=E Y TP y=E Y T V=E

In front of the subspacq|n, £, m), £ =0,1,...(n—1),m = —4(,...0,...¢}
A, B, behaves like in SO(4) (same commutation rules)
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Casimir operators :

1 ,
C:F1+F2:.,.:—Z(A?+A§+A§+B$+B§+B§):...:—(Lz——)

We have: R? = 99 L2 + 2} + Z?

72 1
— C="sm 1
Eigenvalues de C :
1, zZ: 1 1, 7Z? zZ?
Z —_1)=-==_"= nt == B =—
D= gg 1 SE M2

degeneration: n2

1, ., R?
4 2F

Coordinate representation

Spherical coordinates are naturally adapted to SP(3
SO(4) is more easily exhibited in parabolic coordies:

1
r=y/Encosyp, y=\/Ensing, z=§(£—7})

Schrodinger equation in parabolic coordinates:

2

R4 o (9N, 9 (0 +iﬁ}w_ze o
2M | §+n [0€ 685 an 77377 nop2 [ f4n L

From above, the basic algebra operators A, = —iL; B; = QERJ
) 1 1
From them we defined: .J; = §(A,; + B;) K; = §(A,,; — By)
And the creators and annihilators:
1 . - i, -
Jp = §(J1j: i Ja) Ixt_—Q—(lej: i K)
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L and R can be expressed s a function of x, ypardinates.
So, can be expressed as a function of parabolicrdatates

S F e 1B . ( o i 8 \/a)
T ik @ 1 O K=ttt [ Jal 4 L 2 WU
Jy = he (\/uau + N g ) + Vi T2 m0e 2

o 2 uds 2 v " 2 wds | 2

.Ifzﬁe_i”"‘( u,a— ! (‘)‘_ﬂ) K_:,he—i‘ﬁ(\/ﬂi, Lo \/E)

du  2/udd T 2

2
_ 8 i 0 Ju iy _ 1 i—ﬁ)
x(\/ba_ﬁ%TT)' y(ﬁfﬁ'v 2yv8s 2 )7

Torres et al, Rev. Mex. Fis. 54 (2008) 454

They act upon the statelg: 71 mso)

In particular: .J |4, 7, 7) = 0, Kilj,7,7) =0

‘ o o el
— b = Ne (H0)/2(yy)iei2i¢

etc.

‘ Symmetry and Structure in Chemistry |

POINT SYMMETRY

Unit 10: Tensors as basis set of group
representations

Josep Planelles
Dpt. Quimica Fisica i Analitica
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Irreducible tensor operators

The character of a physical magnitude and its asisted quantum mechanical
operator is defined by its rotational properties

Generators of the rotational group: {JJ}

Every rotation R, (¢) = exp[—i¢(J - u)/h]

If an operator commutes with {J J,} is an invariant under rotations

Scalar and scalar operator

A quantity is called scalar if it is invariant undeall rotations.
It is basis of the irreducible Prepresentation of the rotation group.

Examples: mass, length, energy ... and every scaladuct of two polar vectors

Vector (polar vector) and vector operator

A vector V and a vector operator V have magnitudelalirection.

They have components and behave as the vectoripagitand like r form a
basis of the irrep. .

We may use Cartesian (\W,,V,) or spherical (\,V,,V.;) coordinates.

Spherical coordinates are invariants under rotatismgenerated by the
associated generator: [Vo]=[J,,V,]=[J_V.]=0

oo YetiVy o Ve iV
\/5 ) zZ \/§

We may consider the full sphere grouphen, we have two possible representations:
D; —D;4 and Dy,

Scalars are invariants, then they are basis quD

Polar vector change its sign with inversion, , thémey are basis of B),
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Axial vector and Axial vector operator

An axial vector is invariant under inversion.

Examples: Magnetic field, angular momentum, etc.

We may see them as a cross product of two polatoreclL = rx p
They for basis for the irrep. R,

Actually, they are second order zero trace anti-sgBtric tensors

Peudoscalar and pseudoscalar operator

A pseudoscalar change its sign under inversion dahi invariant under rotations.
It is then basis of the irreducible §.

We may see them as a scalar product of a polar rae axial vector.

Example: magnetic flux :@=B - S

Spherical tensor withZw +Zcomponents operator

It forms a base for the irrep. R

Then, its component transforms into a linear combition of themselves:
(W)p—1 _ (w) [w]
RTR =Y, T D(R)Y!

As with vectors, we may use Cartesian,, br spherical, T,, coordinates.

Rotations transforms J; as they transforms the polynomial xy:
-1 —
RTR™ =) T D(R)si D(R)y; =Y To D(R)s.q
1.7 «

Second order Cartesian tensors can be built as diproduct of two polar vectors,
then they form a basis for the reducible represetita:

D1U®D1u — DOg@Dlg@D2g

Then, we may consider the Cartesian tensor as a siiree spherical tensors
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Decomposition of a cartessian tensor into sum ohegcal tensors

D1y ®@ D1y = Dog @ Dlg ® Dgg

Dog—The trace Tr(T) = Ty + Ty + T, is this invariant.
D,4— We should extract a traceless anti-symmetgasor

Ay = 2(Ty, =T

2 Z?J) 2

D,;— We form a traceless symmetisecond order tensor
— (7. )1
Sij = 5Ty +Ty;) — 5Tr(T)
Alternatively we may choose the most common basi<X,,

{Sa:ya Syza Szx; Sgc:c - Syya QSzz - Sa:a: - Syy}

Ay = l(sz _Tmz) A, = %(Tmy _Tya:)

Example
L1l2  T1lY2 T1R2
T = Y12 Y1Y2  Yiz2
212 Z1Y2 2122
1 1 0 TiYs — Y1ra T122 — 2122
=Tr(T)I+5 | a2 — 2192 0 Y22 — 21Y2
3 N\ T2 —T12 ZY2— N1z 0

Ti&s + ToLy — %T!(T)

T1Y2 + Y12

L1129 T Z1d9

Ty Y12 + 1Yo v1y2 + yayr — 21Tr(T) Y122 + 2132
= L , 2
z1T9 + X122 z1Y2 + Y122 z1z9 + 2oz — §Tr(T)
1 0 a b D, A B
= =_Tr(T)I + —a 0 ¢ |+ A Dy C
3 b —¢ 0 B & B

T® = {4, B, C, D1, D>}

TO =1r(T) TO = {q, b, ¢}

Dy +Dy+Ds=0
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Building a secon order tensor as a product of polagctors in spherical coordinates
Ty = Y (VU= (=1 Vo,
H H
1
TH = Vi Uy — VoUsr
i = v, v,
¥ = v
+2 +1Y+1
2
T:[I:% = Vi Uy +WUi
2
T = WU+ iUy + VL,
Example 1 Yoo = 7= Yoo = =[5 cos® 0 — 3]
Yio = (££)"/? cos® You1 = F(£2)/2sin 6 cosf ¢
Vier = F(2)2sin0 e Youo = (£2)1/2sin? g 20

D1u®D1u = DOg @Dlg EBDQQ

To =) (=1)"V,U;

H

To = (=D)°YiYyh+ (=) (YuYy , + Yi.1Y))

3 9 3 .., 3
= 47Tcos 9+28ﬂ_sm 0_471'

T = ViU - VoUs
M = wviu_, —vou

{¥10 Y141} D1u

i k
UAV=|U, U, U |=
Vo Vi Vo

= iU V. —U_Vy) +§(UgVo —U_Vo) + k(UgVy — U Vo)

7/1/2013

73



7/1/2013

Yooz\/% YQQZ\/%[%COSQG—%]
Yio = (%)1/2 cos Yoi = ¥(£)1/2 sin @ cos @ eT¢

Vigr = F(&)V2sin0e? Yoy = (552)1/2sin® g 21

Vi = sin? fet29
1Y) = ViU Yis:Yio=7F sin @ cos fe T
2] 47+/2
5 = ViU + WUy 3 . 3 .
2] 21"120 -+ 2}'11}’1 - 2— C‘O-‘:‘Z §—2— Sillz 4
TU = QV(]U() +V'1U,] +V,1U1 4 81
6 .3 1

(5 cos?— )

T a2 P

Example 2 D1U®D1u :DOQ@Dlg@Dgg
Cartesian  {z,y, 2} Spherical {*I\J;gy, a"\;iyy 2}
L. = —i(yd. — 20,) Lyx =0 Lyy=(—i)(—2) =iz
L, = —i(28, — z0.) Lyy = Lyr=—iz
L. = —i(x0, — yd.) Leltm)y =/ (0 + 1) +m(m+ D[fm+1)
= T+
R . R L.(— \/ﬁy) =0
Lixv = (L, +iL,)x =i(—i)z ==z ,
A A A i (_m + zy) _
L x=(L,—il,)xv =—=2 -5 )= 2
[y = (I 7 = .
I:+y_i€m+7/[jy;y—lz L+( ﬂy):ﬁz
L_y=(L.,—iL)y=iz o
y L_(m zy) 0
V2
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T4y v—1y
Ty =) (-1} V.U -7 s
i
0 o 1 9 .9
Ty = =z +(—1)(—§)[(£C+Zy) +(r+iy)’]

— 2y =2

7V = ViU - VAU

72 _ (r£iy)® _ 11“2 pE2i0
) 27 9 T2 "
Tiy = ViU ,
= L
TE = Vi Up+ WUyx Tﬁ) = 27(1 \/%y) 2=V2rzet?
T(EQ] = 2WU +WViU_1 +V_1U; 5 1
TO( ) :z2+§(x+iy)(17—iy)~2:r2
i j k
[1] _ () xr(2)=| ro(1) r4(1) r—(1)
T = Vi Uy — VU r +
o s (@) @) r-()
( (1)

Addendum

The transformation property ’R/TIL(Lw) R~ b — ZV T,/(w) D (R) z[jg

is equivalent to the fulfillment of the commutatien

(., T\ = p T\

[, T = Volw+1) — plp£1) T,

Immediate to be checked if the tensor is the dethe 2j+1 spherical harmonics
associated to J

General proof related to the fact that : {1} are the generators of any possible
rotation. (details e.g. Joshi chapter 6)

7/1/2013

75



Addendum 2Wigner-Eckart Theorem

. o : j—m k j’ : ¢ -
(@imirle’ oy = o (98T e )

j k j, - (_1),7’—19—771 B B
wnere (b = itk G -

(aim|Tg o’ § m!) _ {ajl|T®ja’ ) _
{aj 112,|U{§k)|a-’j’ m’) (aj|[UM]|a’ 5)

t

Corollary

— (o m|TékJ|a-' jm'y=Claj ??1|Uék)|a-'j’ m')

(details e.g. Joshi chapter 6)

Quadrupole effect

Classically, the interaction energy is given by the tensor scalar product

Z O (2.7)

1/ X, 0,z

where the two tensors must be expressed in the same coordinate system.

Qup = f(3qulg — 8pr?)pdr
3%V
Ixqdxg

Va‘g =

When written using quantum mechanical operators, the
Hamiltonian #;, for a nucleus of spin / expressed in the principal axis
coordinate system is

eQIQ 2 2 g2
o~ 2 [ ~ren(2-n)] ?
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Quadrupole effect

oy Qup = f(3xaxﬁ = Supr?)pdr .
EQ —EE aﬁQaﬁ ,= 92y HQ =32 VaﬁQaS
a dxqdxg

With the help of Wigner-Eckart theorem

r 3 i
{Lm|Qug|l,m) = C (I, m |E(falﬁ +Il,) - 5a312| I,m')
We will express constant, €, with matrix element
form=m'=landa=f =1z

eQ = (L, 11Q,I1,1) = C{I,1|31,% — I?|L, 1)
= C(II11(2I = D)L, 1)

eqQ
1(21-1)

—s =

Q 3
Ho = g3 Vg [5 (Ialg + Igly) — ap 12]
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Multipole expansion of the electric potential

Multipole expansion for the potential of a finitetatic charge distribution

Energy associated to a static charge distributiomdaa potential acting on it:

E = qu'%'

Assume § as coordinate origin and consider a Taylor expamsiof the potential:

d¢ 1 0?
di=do+ Y (%)O(aj—ao)wLi > <a08@5>0(0¢j—00)(5.7'—/30)4-

C=%,Y,% o, B=x.y,z

The interaction energy:

E:C?oz(]j-‘r Z <0a> qu aj —ap) 1. Z <0(103> qu aj—ao)(Bj—Bo)+
J

a=z.y,z a,B=x9.2

The moments of a statistical distribution f(x) adefined as:

e = [ (@ — a)F f(@)da
M =1, i is the averagey, the variance, etc.

By analogy we define the moments of a static chadijstribution:

monopole ¢ =>",q;
dipole T Zj qj (0 — )
quadrupole Qa5 =Y. q;(c; — a0)(B8; — Bo)

octupole Ropg~= Zj qj(o; — ao)(B; — Bo)(y — o)
n — pole

By definition all these moments are symmetric, €@, =Q,,, R,=Ryy,
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Laplace equation V2¢ —

25‘”’6 o5 = "

Rewriting Laplace equation < —> ~r'? Z5a *30040[)’ =0

Third term in the above equation

]2
Z (d(cu’)d) Zan 5-; -

o, f=z.,y.2

bo| =

II
ol =
ing
’/—-\

1 9%
2 Z ( ﬁa‘ﬁ,ﬁ’) b

/22 aﬁa 8"} = 0

8¢

Yudt-g X Y arasggn

i a,f=zy,z j

II
ool
R
| A,
AR
2| &
M
=}

@

)

™

Monopole and dipole remain as they are.

J

octupole Q,3, =

They are traceless tensors:

> Qups = [0
5

zrx T Q:cyy + Q:czz]

Laplace equation allows a convenient redefinitiof these moments.

Laplace equation though allows the following rewirig of the higher moments:
1 ! ! /2
quadrupole O,z = E §qj [SOzjﬁj —r; 5(1,5}
1 1Y
> 455085 — oriPos

/)02 _
= Biry 0an

/02
Tj 5@4,5] etc.

> Oue = Oua + Oy + 022 = 3 L3P =307 = 0

J

=0
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The interaction energy:

1 , 1
E = q¢o — Z HoVat = = 2; OasVaVpd = = > Qs VaVsVi0+ ..

a.By
1 (n)
— FE = q¢o — E ‘ aVp... Vil
4o Z21-3-5-(2n—1) $opw VaVi Vo

Dependence of electric multipole moments on origin

In general, electric multipole moments beyond th@nopole depend on the choice
of origin.

The dipole moment is independent of an arbitranyifslof origin if the monopole
>_;qj is zero:

p=>_qi(a; — o) =3, qi0; — ) ;q;
= Zj qj

The quadrupole moment is independent of an arbityashift of origin if the dipole is zero

Qus = a5l —a0)B; = Bo Y ajla; — ao) = > as(a; —ao)B; = Y ;55
i J i i

The leading non-vanishing electric multipole momeistindependent of the choice of
origin of coordinates.

7/1/2013

80



Multipole symmetry

Multipole moments are symmetric traceless tens@sncerning inversion , like
polynomials, odd multipoles are ungerade (e.g. dgavhile even multipoles are
gerade (e.g. quadrupole).

Monopole moment (total charge) is an scalar, iniamt under every symmetry
transformation. Then it forms a basis for the irreDy,

Dipole moment transforms as the position vectottren its component form a basis
for the Dy, irrep.

Quadrupole moment may be viewed as.a direct product. In particular the
symmetric part of the direct product,p® D, (since it is symmetric with respect to
the indexes exchange):

{D7,1[2]} = Dog @ Doy

Since quadrupole is traceless, it does not contaiesizero Q; invariant
component. Quadrupole has then,Psymmetry

Octupole moment may be viewed as the symmetric plattie direct product a Ar.r.

{D1.l[3]} = Diu @ Dsy

Octupole moment is traceless.
zoz Qaa[‘i’ — za Qaﬁa :Za Qﬁaa =0

Then, the octupole moment components form a basisD,

Since traces are obtained be contraction, the tra¢e tensor is another tensor of the
same dimensions (the Euclidean space) but of anavrtivo units less.

For example: octupole has three traces that aresfiorder tensors, like the dipole
moment. The remaining 7 components transforms ag D
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Hexadecupole(l)aﬁwg correspond: {D‘llu|[4]} = Doy & Doy @ Dy,

Their zero traces, a tensor of an order two unisﬁ{D%uHQ]} = Doy Dy,
are zero. Then, hexadecupole hagBymmetry.
etc.

To determine the irreps. in lower symmetries oétbomponents of the multiploles we
consider the symmetry lowering from the full rotati group:

Doy Do Dy, Dy, Da, Da.,

T | Aa As Tiu I, .

Or | A1y Auu Tiu E;aThy, Ey T

Ta Ay As T> EaT EeT

Dep | Aty At Ao @ Eta Ajgd Eig & Eay Ate ® E1n @ Eou
Dgg | As By B By A ®Es @ Es Bi®E1®Ey
Dy, | A AY A5 @ By Al @ E5 o EY Ao E{ o EY
Dsg | Ay Agu Aoy @ Bty A1, @ By & By Alu & E1, & B,
Dan | A1y At As, @ By A1y @ Big & Bey ® Ey A1, @ B1.® B @ F.,
Daa Ay By By @ Ey A1 E: @ Es Bi®E1® B2
Da, | Ay AY Ao E AloE o E" AloE e E"
Dag | A1y At Ay ¢ By A, ®2E, A1u §2E,

Don | Ay Auw Big®Byy @By Biu® B ®Bauw 24;® Biy® Byg ® Bay  2Au @ Biuw ® Bau @ Bau
Doy Ay By A B:a E ArgBie B E ArgdooBia E
Don | BF %5 L, ol B ol Siell, e, I oIl & A,

Polarizability

If the charge distribution is not static, it may h@olarized (deformed) by the field.
Then, multipoles change with the field and its griedts:

1 1 1
0 . / /
Ho = g+ Z Qapt + 3 Z ﬁa;’inﬁFq I e e g ZALI:H’)' By T 3 Z Bad;qo‘Eﬁij T s
B8 By B,y B.y,0
1
Oas = O0s+) AyapFy+ Y CopnsFrs+5 > BrsapFrFs+ ...
G v¥,0 = ¥,0

Qopy = Ly + D EsapyFs+...

)

Define polarizability and hyperpolarizabilities:

_ [ Opa _ 9°E
o = (32), = (897),

4 (0045 [ 9E
ver = \oF, ), \9F,0F7,
5 B OB

o \OF,0F0F, ),

etc.
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By definition polarizabilitya and hyperpolarizabilities, y, etc are symmetric with
respect to the indexes exchange. Hyperpolarizaie$iA,..5, Casys  are symmetric
with respect to index exchange within each subskindexes.

By definition they are not traceless tensors (eatyways the field polarizes an atom, i.e.

the Dy, trace of a cannot be zero)

Symmetry

Polarizability @ components form a basis set f{D%u 2]} = Doy & D2y

The isotropic Q4 trace ofais responsible for Rayleig dispersion.

The anisotropic B, components otrare responsible for Raman dispersion

5045W - {D:l)’uHS]} = D1, & D3y

etc.

Other hyperpolarizabilities

, : _ PE
Let's consider A.n5 = (—6F78F;B>O

The electric field F has [, symmetry while its second derivative J3'is a traceless By
tensor. Then, the symmetry ofﬁﬁmust be:

Dlu & D2g — Dlu b D2u b D3u

Symmetry of the larger polarizabilities

Polarizability | Components Reducible Sum of irreps.
Caf 6 {DLI[2] Doy & Dag
3"3"’ 10 {D?u‘[g]} Dlu TD3H
Yasnd 15 {14} Doy ® Dy @ Dag
Aniay 15 Dy @ Day Dy & D3y, @ D3,
Bn;:'l‘:'yé 30 {D%u [2]} & Dgg Dgg (43} Dlg & 2D2g & Dgg &5} Dtig
ch;i;'yé 15 {D%gi[gj} DOQ @ DQE‘ _l_‘D‘lQ
En:ﬁ‘}'f\ 21 D1y & D3y DQQ 5 DSg ) Dlg
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Theory of invariants

1. Perturbation theory becomes more complex for many-band
models

2. Nobody calculate the huge amount of integrals
involved

grup them and fit to experiment

Alternative(simpler and deepgto perturbation theory:

Determine the Hamiltonian H by symmetry
considerations

Theory of invariants (basic idgas

1. Second order perturbation: H second orClE;r:iMij kk;
in k: i2]

2. H must be an invariant under point symmetry 4B, D,
wurtzite)

A-B is invariant (A symmetry) if A and B are of the same
symmetry

e.g. (X, y, z) basis of,lof Ty: x:-x+y-y+z-z =% basis of A of
Tq
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Theory of invariants (machinery)

L kbasisof ] 2. kkbasisof T, OT,=A DEOT, O[T,]
3. Character Table: A K2+ k§ +Kk?

notation
E- {ZkZ2 ~k —kZ K2 - kf} elements of these

T, - {kk, Kk, k k) basis:

rARMY
T, - NO(kk; symmetrienso)]

irrep
dim)
4.Invariant; sum of H= > Ya Nirkir/
invariants: 7| T—pasis

element

fitting parameter
(not determined by
symmetry)

Machinery (cont.)

How can we determine tIN{ matrices?
(Ix:dy,Jz) basiof Ty, and T,OT, =T 0T

- We can use symmetry-adaptepﬂj products

Example 4-th band mode{: 13/2382 |3/212 |3/2 U2 ,|3/21_3/2>}

2/9 i i
0 V32 0 0 'SI/J' 1')‘) :: ::
L= |V32 0 10 =19 0 12 o0
: 0 1 0 V32 i
Lo o V32 0 | ¢ o o -4g

2 _ 373 _ 15
0 —iv32 0 0 F=30G 4 Dl = Pl
iv3/2 0 —i 0 w {3..3,} = Y(J1.3,+1,3.)
0 i 0 —iV3/2 ' - ' !
l 0 0 iv3/2 0 J

Iy =
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Machinery (cont.)

We form the following invariants

1000 0 0 0

010 0 0 kK 0 0

Ave Xa =T R+E ) =K o 7 ol =10 o 12 o
0001 0 0 0 &

S

E: Xp= 02 -T;-J32) 52k — k) — k2) + 5 (3% = 33) 75 (k2 — &7)

Ty: X, = 200, + 3J0)keky + 3(3,0: + L0 kyks + 2023, + 302 kb

Finally we build the Hamiltonian

2 5
H=—— —v9) X4, 2% Xg+413 X
20 (71+2’}z) Ay 2 Xg +473 X1,

Luttinger parameters: determined by fitting

Four band Hamiltonian:

K + (k2 + k2 — 2k2) —2v/3v3k.(ky — i ky)

_— w2 23k (ky +iky) Nk = Y2 (k2 + k] — 2K2)

2mg {—\/Eyg(kg—kg) — 20373 koky 0

0 —\/3’72(’?3 _kg)—Qi\/g’szzky

—\/g“/z(ki—ki)+2i\/§’73kxky 0
0 —\/572(@—’%2,)"'21‘\[373%’“1/}
1k? — 7 (K2 + k; — 2k2) 233k (ky — i ky)
2V373k (ke + i ky) Nk® + yo (k3 + k) — 2k2) J
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Exercise Show that the 2-bands {|11/2,1/2>,|1/2,-1/2>} condarcthand k- p Hamiltonian
reads H=a k2 |, where | is the 2x2 unit matrix, k the modulugtioé linear momentum arad
is a fitting parameter (that we cannot fix by synmpeonsiderations)

Hints: 1.T2 0T, =T,00,=A0EOT,O[T]
2. Angular momentum components in #i?2 basis: §1/20;,

with _ (01 (0 —i (1 0
%2=\1 0) %= \i o) %7 \o <1

C%,ag;hgmq%mg]gs and basis of irreps

E|8C,[3C, |68, |60, r(l)ltl;::lorm quadratic A K +K2+K?
At 1]t Xy E L {2|<Z2 ‘kx2 - ki' kf _ki}
AL 1|11

: Rk ket ko k)
E2/-112]0/0 Qz7-x"-y", x7-y") ' ' ' ! ' '

T - 1kk' -kk'  kk' ~kk' kK, ~kk
AP B T s L R T L
213/ 0 -1 |-1]1 (X,Y,2) (XY, X2, yz)
2 2 2

Answer: A=kl

E - {22 -1 -1¢, k-1
T, = {kk, + Kk, Kk, + ik, Kk, +kk )
T - {kk sk Kk oKk kg kK, }

1. Disregard T: kk, —kk =0
2. Disregard E:0; =0, =0, =1 (2x2)
3. Disregard J.g,0; +0,0, =0

S KHKE+K =K
oA _.af+a|-<§y+af=3l — [H=ak’|
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k-p Theory
Tight-binding
How do we calculate realistic band diagram§k’:‘3e$hdOIDOte”“a"S
k-p theory

e " H W (F) =5, ™ W (F)

—

i.,)-Z hZ k2 k =
| = HVL(F) +——+1 u,(F) =&, u, (F)|
ZMm ZMm

The k-p Hamiltonian
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MgO
i cB
\ﬂ ‘
— HH : lJHHk
LH / kumk
4 spiit-off \_ / uso,
k=T ko [
ﬁ—z +V‘, (F) +ﬁ + h@ U, Ht;fggf Z‘(ﬁﬂ UEO (F) k~ kO
- 93" " n Kane
n ] n' n ? R— k)2 E 0l =l
<Uk0 Hkp Uk0> :@ko +% é-nn, +@%<uko P uk0> paramete

8-band H

CB

I:Lband H \ﬂ A
I:l 4-ban(€;||—| j kj::
Split-off \ /Usok

o) ) 123 Tﬁ ) E2 RS Ry B3
22 [2'2) [2'2] [2"2 22 272
2 N 0
2m 0 Pk —3Pk 3P 0 Pk - [2p
(s1] |:|2m K, 3 k, 3 k. i 5 K
K \/1 5 \F n
sl 0 — 0 =Pl Zp) = 2p 1o
< am 3 3 k e 3
2
272 P
2
<§’}‘ _\Epkz \EP"‘ - 0 0
22| V3 3 ‘ o ‘
G e - &
——=| 3Pk =Pk, o) 0 o
272|| Vs 3 ) =N2 n
3 -3 U, (I') Lo UKQ(I')
P 0 Pk_ 0 0 Al 0 0
272
2
<},1‘ \PPkZ EPK 0 0 0 o —e-asl g
27| 13 3 o~
1-1| 2 1 2
= =3P ~Pl 0 0 0 0 0 —e—a+ X
57 e 5 T
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One-band Hamiltonian for the conduction band

n | g n n hz R’_” 2 lz n =
Al [t 5, ek

= o)
7 (k—ky)?
2m
This is a crude approximation... Let's include réenoands perturbationally

cb — Acb
gk - 5ko +

2

" [uceln [un )
72 (k, =Ky, )f SorPar
== i e in

. a=xyz wcb €0~ ko 1/m*
k
cB Free electron  InAs Effective mass
m=1 a.u. m*=0.025 ) )
eqati a.u. o ng - £Cb + h (ka _kOa)
gativé mass- 1106 k ko om, *
k * 12 ok
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