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L’Hamiltonia d’un sistema en presencia de camp magnetic el qual presenta la massa anisotropa i depenent
de la posici6 és, com indica 'eq. (10) en JPCM,[1]
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1 El terme cinetic
Considerem ara el primer terme de I'eq. (1):
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El primer sumand és I'energia cinética, i.e. ’'Hamiltonia en abséncia de camp magnetic —a falta del terme
d’energia potencial. El segon sumand és purament multiplicatiu, de manera que:
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El tercer sumand, que representem per Hs, conté derivades. Escrivim doncs,

(uj| Hy (Jur)| fr)) = [fx)(uj| Halug) + 055 Hs | fr) (4)

Aquest tercer sumand fa apareixer, per tant, un terme diagonal que actual sobre les envolupants,
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més un terme no diagonal, (u;|Hs|ug), que multiplica les envolupants. Terme que, com indica la fér-
mula anterior, cal calcular integrant Hj3 en la cel-la unitat entre dues funcions de Bloch. La massa,
que pot ser anisotropa (mg # my 7# m;), és pero constant dins de la cel-la unitat (no depen de la po-
sicié, i.e. m;(r) = m? en tota la cellla unitat). A més, triarem el gauge de Coulomb per al potencial

i
vector de manera que p;(A4;) = 0. En conseqiiéncia, sols hem de calcular la integral del terme ), —4 ﬂf Di-

Considerarem un camp arbitrari B = (BY, By, BY) = By(sinf cos ¢, sin 6 sin ¢, cos ) que el generem a
partir del potencial vector A = %(ng —yB% 2B —2BY, yBY — ng), per al qual és immediat comprovar
que V- A =0. Assumim d’ara en avant que m, = my, = m | # m,. Amb tot aco tenim que:



BO R BO BO BO BO
= — 2 Lz Y Aa: Yy Az T AZ_ T ~ 6
( ){2mL QmLZp 2mzxp +2mzyp 2m | Py (6)
B . By . BY . 1 1\|By BY
_ _ z L x Lm - 7y AZ—J AZ
( q){sz om. v T oam, Jr<mL mz) g TPeT T YP
per tant,
(s ( >%ZWAZ"%| )= (@) { =B Lt 2 =™ (B0 (o i) — B (wslyiefud) b (7)
u;|(—q T, uk) = (=) g 5 mmy y (s |Tp2 [uk (s |yp=|uk

A Tapendix 1 demostrarem que en la base {|Y11),|Y10), |Y1,-1) }:
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Amb la qual cosa:!
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2 El terme Zeeman
Considerem ara el terme Zeeman,
h
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1Cal tenir en compte que el moment angular L inclou la constant & que li dona unitats, mentre que les matrius de Pauli
no tenen unitats i, per tant, no inclouen h. Si considerem que L és adimensional com o, aleshores hem d’afegir h.



3 La suma dels dos termes
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Si en la expressié anterior fem que m, = m, = myo la convertim en:
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que en el cas de forats, amb ¢ = |e|, up = % és redueix al terme —upB - (L + a)jk que és el resultat que

trobarem en els apunts Implementacic del camp magnétic arbitrariament orientat en QDs de 17 de febrer de
2016, on consideravem un quenching total de ’accié de les bandes remotes en el terme multiplicatiu no diagonal
(uj|Hs + Hzlur).?

A efectes practics, cal inicament modificar el fitxer Mathematica canviant —ugB- (L + o) pel terme deduit abans,
eq. (16). En lesmentada equacié podem afegir coeficients per modular el pes de l'accié de les bandes remotes
(que, segons Bree et. al.,[2] sofreix un quenching complet en QDs). Veure detalls de la implementacié en I'apendix
3.

Pot ser un tractament semblant per a ZnBl amb factors ajustables com s’indica en ’apéndix 3 permetria la

perfecta reproduccié dels resultats experimentals de Dotty en JPCM.[1]

4 Apendix 1: Representacié matricial dels operadors xp. i yp.
en la base |11 |10), |1, —1).

En primer lloc escrivim aquesta base en termes del les funcions reals | X), |Y'), | Z), tenint molt en compte les fases
d’acord amb la definicié de creadors i anihiladors (fase de Condon-Shortley):

I11) = =(1X) +4[Y)) ,[10) =[Z) ,|1,-1) = [X) —i]Y) (18)
4.1 Elements de matriu de zp. que son zero per simetria

(Mzp=11) = (X[ = (Y ]wp-(|X) +i|Y)) = (X[zp|X) + i(Y]ep:| X) + i{X|zp: V) — (Y]zp:|Y)
0+0+04+0=0

(Iap-|1,-1) = —((X[+i{Y])|zp-(|X) —i]Y)) =0+0+0+0=0
(19)

Per ideéntiques raons (1, —1|zp.|11) = 0 i en conseqiiéncia també (1, —1|zp.|1, —1) = 0. Finalment, (10|zp.|10) =
(Z|2p.|Z) = 0.

2En els esmentats apunts escriviem LL/k perqué consideravem L amb dimensions, i.e. que L incloia h.



4.2 Elements de matriu de zp, no nuls

(zp=[10) = —((X[ = i(Y])|zp:|2) = —(X]xp-|Z)
(10lzp:(11) = —=(Z]xp-(1X) +ilY)) = —(Z|zp:|X)
(10zp-|1,-1) = (Zlap:(|X) —i|Y)) = (Z|zp-|X)
(L, =1fzp[10) = ((X|+i{Y])]xp:|Z) = (X|zpz|2)
(20)
Com l'operador zp. és hermitic, aleshores, (X|zp.|Z) = (Z|zp.|X)*. Per tant, si anomenem a = —(X|zp.|Z)
tenim que:
0 a 0
(xpz) = |a* 0 —a” (21)
0 —a O

Per tal de determinar a calcularem (zp,) i tindrem en compte que (Ly) = (2p> — zp-). A 'hora de calcular (zpg)
tenim que els elements de matriu no nuls han de ser els mateixos, per motius de simetria. Ens centrem en els
elements no nuls:

(1zp2[10) = —((X] = i(Y])|2p:|Z) = —(X|2p|Z)
(10[2p:(11) = —(Z|2ps| X)

(10]zpe[1, 1) = (Z]|zp.|X)

(L, =1|zp2[10) = (X|zpz|Z)

(22)

Com en el calcul de la integral els indexs sén muts, tenim que (X|zp.|Z) i (Z|zp.|X), que suposa canviar la
coordenada x per z, sén iguals. Per tant, (Z]zp|X) = —a. Amb la qual cosa, ates que (X|2p|Z) = (Z|2p=|X)",
trobem que:

0 a" 0
(zpz)=|a 0 —a (23)
0 —a* 0

Aleshores si comparem

(2P — xpz) = |a —a” 0 a* —a (24)

<Ey>:i 1 0 -1 (25)
V2o 1 o0

concloem que a — a* = i/v/2. Finalment, com les integrals (X|zp.|Z) han de ser imaginaries pures (atds que
|X),]Y),|Z) sén reals, z és real, i p, = —id/dx és imaginari pur), trobem que a — a* = 2a =i/v/2 = a = i/2V/2,
cosa que déna lloc a:
i 0 1 0 1
zp.)=—== |—1 0 1| =—=(L 26
(xp-) v |y O 5 (L) (26)

Hem comprovat aquesta relacié general integrant xp. en la base d’orbitals atomics 2p de I’hidrogen.



4.3 Elements de matriu de yp.

Les mateixes raons de simetria fan també que els elements de matriu mi1, mis, moz2, m31, mss siguen zero. Cal
parar atencié als no nuls mi2,ma21,mes, m32. Abans perd farem una consideracié que ens estalviara treball:
Poperador zp, es transforma en —yp. en efectuar una rotacié 7/2 al voltant del I'eix z. Tanmateix, les integrals
sén escalars, invariants doncs sota rotacions. Aleshores, considerem per exemple:

i
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(10|zp- |1, =1) = (Z|zp-(1X) —i[Y)) = (Z]2p-|X) = —a” =

Per tant,

ﬁ = (10jzp. |1, —1) = R/ Z|ap. (|1 X) — i]Y)) = (Z]yp-(Y) +i| X)) = (Z|zp.|Y)

Amb la qual cosa hem determinat que (Z|xp.|Y) =

i
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Procedim ara al calcul de les integrals:
i 1
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i 1
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i 1
10lyp-|1,—-1) = (Z|lyp.(|X) —i|Y)) = =il Z|yp.|Y) = —i—= = ——
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7 1
1, —1lyp-|10) = X|+i(Y)yp:|Z) = i(Y|yp:|Z) =1 =
(1, —1lyp-|10) (X + (Y )yp:|Z) = i(Y|yp:|Z) (2\@) Wi
(27)
Aleshores,
1 0 1 0 1.
Wp=) = 5—= |1 0 1| =5(Ls) (28)
2v2 g 1 o 2
Hem comprovat també aquesta relacié general integrant yp, en la base d’orbitals atomics 2p de ’hidrogen.
4.4 Comprovacions amb la base 2p de I’hidrogen
Per a fer-ho (amb Mathematica) tenim en compte que:
o . 0  cosfcos¢p O sing 0
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5 Apendix 2: Els factors massics.

En el cas dels termes diagonals, agafem la massa m. que inclou el terme en p? i la massa m, de p2 i pi. Hi ha
termes extradiagonals que deriven de la representacié matricial de La, f/y en la base WZ (elements mi3, ma3, ms1
i m32) que corresponen a interaccions entre bandes A (o B que té les mateixes masses) i la banda C. També hi
ha els que deriven de la representacié matricial de o, oy en la base WZ (elements mis, maa, mis, maz, ms1 1 me1)
que corresponen a interaccions entre bandes A amb B i C amb C. Per tant, per al cas dels termes que deriven de
o el factor massic estd perfectament definit. Per al cas L; una opcié seria agafar la massa (tant m com m.) com
m = y/ma\/mc, on m4 indica la massa (m1 om.) de la banda A i mc les de la banda C. Cal para atencié a
que les masses poden ser negatives, perod tant mathematica com comsol saben calcular arrels de nimeros negatius.

6 Apendix 3: Implementaciéo dels coeficients dels factors mas-
sics.

Les masses dels elements diagonals sén mll = As + Ay, m;l = A; + A3 per a les bandes A i Bi mll = Ao,
m;' = A; per a la banda C. Per als elements de matriu extradiagonals que connecten les bandes A i B li
assignem la massa que tenen aquestes bandes. Finalment, per als elements extradiagonals que connecten les
bandes A i C o B i C assignem el producte de arrels quadrades de les masses de les bandes connectades, és a dir,
mll = Az + AsV/As i m;l = /A, + A2/A;. Com les masses sén negatives cada arrel quadrada genera un
ntimero imaginari i, de manera que com i> = —1 la massa resultant és també, com cal, negativa.

Per tal de modular el valor d’aquestes masses entre el valor que assignen la interaccié amb les bandes i el limit
de quenching total incloem sis coeficients ¢; € [1,m;] que fem variar de manera sincrona entre els limits dels
corresponents intervals. Per a implementar la sincronia definim un factor 0 < f < 1. Aleshores, multipliquem els
termes on estan les masses (les quals apareixen sempre dividint) pels coeficients ¢; = 1 + f(m; — 1). Cosa que
vol dir que f =1 (¢; = m;) representa el quenching total de accié de les bandes que fa que les masses siguen la
unitat (i.e. la massa de Delectré lliure m.), mentre que f = 0 (¢; = 1) representa el gquenching nul, que vol dir
plena accié de les bandes modificant les masses.
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27 JT
Print["r > J R[F]"~2r2dr, " angles -> ", J U Yimife, ¢] Y1l[e, ¢] *Sin[e] dle) dl¢]
0 0 0
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2

JmR[r] [j [j (-Yiml[e, ¢#]) * (-iR[r] D[Y11l[e, ¢], ¢#]) *Sin[e] dle) dl¢) r2dr
0 0 0

1

0

0 27 T
j RIr] U U (-Y11[e, ¢1) * (- R[r] D[Y1ml[e, ¢], ¢]) *Sin[6] dle) dld:) r’dr
0 0

-1
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0 27 7T
J R[r] U U Y10[e, ¢] * (- R[r]1 D[Y10[e, ¢], ¢]1) *Sin[e6] dle) dl¢] r’dr
0 0 0

0

(***************************************** X kZ ********************************************************)

3 27 T Sin[e]
J R[r] [j [j (-Y1ml[e, ¢]1) *X[r, 6, ¢] * [—iCos[e] Y1l[e, ¢] D[R[r], r] +1
0 0 0

R[r]D[Y1l[e, ¢], e]] *Sin[e] dleJ d1¢] r’dr
0

Sin[e
el *Sin[e] de

o 2 7 7T
j R[r] [j [j (-Yiml[e, ¢]) *X[r, 6, ¢] * [—1‘1 Cos[e] Yiml[e, ¢] D[R[r], r] +1d R[r]1D[Y1ml[e, ¢], O]
0 0 0

dld:) rdr
0

Sin[e]

o 27 7T
J R[r] [j [j (-Y1ml[e, ¢]1) *X[r, 6, ¢] * [—:I'l. Cos[e] Y10[e, ¢]1 D[R[r], r] +1 R[r]1 D[Y10[e, ¢], 6]
0 0 0

*Sin[e] d]e] d1¢] r’dr

i

22

Sin[e]

o 2 7 T
j RIr] [j [j (-Y1ll[e, ¢]1) *X[r, 6, ¢] * (-iCos[e] Y11[e, ¢] D[R[r], r] +1 R[r] D[Y1l[e, ¢], 9]] *Sin[e] dle) dl¢] r’dr
0 0 0
0

Sin[e]

o 2n 7T
J R[r] [j [j (-Y1l1l[e, ¢]1) *X[r, 6, ¢] * [—:I'l Cos[e] Ylml[e, ¢] D[R[r], r] +1 R{r]1 D[Y1ml[e, ¢], 6]
0 0 0

*Sin[e] d]e] d1¢] r’dr
0

ngel

o 27 7T S
J R[F] U U (-Y1l[e, ¢]) *X[r, 6, ¢] * (—iCos[e] Y10[e, ¢] D[R[r], r] + 1 R[r] D[Y10[6, ¢]. e]] *Sin[e] dle) d1¢] r2dr
0 0 0

i

72ﬁ

sin[e]

0 27 7T
J R[r] [j [j Y10[e, ¢] »X[r, 6, qb]*(—iCos[e] Y1l[e, ¢]1 D[R[r], r] +1 R[r]1 D[Y1ll[e, ¢],e]]*Sin[e] dle] d|¢] r’dr
0 0 0

i

22
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Sin[e]

o 27 7T
J R[r] [J [J Y10[e, ¢] *X[r, 6, ¢]*[—J'1.COS[9] Yiml[e, ¢] D[R[r], r] +1
0 0

R[r] D[Y1ml[e, ¢], e]] *Sin[eo] dle) dl¢] r’dr
0

i

22
® 2 4 Sin[e]
J R[r] U U Y10[e, ¢] *X[r, 6, ¢] * (—iCos[e] Y10[e, ¢]1 D[R[r], r] +1 R[r1 D[Y10[e, ¢], e]] *Sin[e] dle] dl¢] r’dr
0 0 0
0
mxz = {{0 0, - - } {0, 0, - - } { - , - , 0}}; Eigensystem[mxz]
242 2427 242 242
1 1 i i i i
{55 il—= == —1 cnnoj
V2o V2 V2o V2
(************************************** y kZ ***********************************************)

RIr]1 D[Y11[e, ¢], 6]

o 2 7 7T Sin[e
J RIr] [j [j (-Ylml[e, ¢]) *y[r, 6, ¢] * [—iCos[e] Y1l[e, ¢] D[R[r], r] +1 o] *Sin[e] dle) dlcb] r’dr
0 0 0

0

® 2 4 Sin[e]
j R[r] [j [j (-Yiml[e, ¢]) *YyI[r, 6, ¢] = [—1‘1 Cos[e] Yiml[e, ¢] D[R[r], r] +1d
0 0

0

R[r]1 D[Y1ml[e, ¢], €] | *Sin[e] de

dld:) rdr
0

2 7 Sin[e]

J RIr] [J [J (-Yiml[e, ¢]) *y[r, 6, ¢] = [—1'1 Cos[e] Y10[e, ¢] D[R[r], r] +a R[r]1 D[Y10[e, ¢]., 6]
0 0 0

*Sin[e] d]e] d1¢] r’dr

1
2+/2

® 2 7 Sin[e]
j R[r] U U (-Y1l[e, ¢]1) xy[r, 6, ¢] * [—iCos[e] Y1li[e, ¢]1 D[R[r], r] +1
0 0 0

R[r] D[Y1l1[e, @], e]] *Sin[e] dle) cil¢] r’dr

0
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Sin[e]

RIir]1 D[Y1ml[e, ¢], O]

o 27 7T
J RIr] U U (-Yll[e, ¢]) *y[r., 6, ¢] * [—iCos[e] Yiml[e, ¢] D[R[r], r] +1i *Sin[e] d]e] d1¢] r2dr
0 0 0

0

Sin[e

o 27 7T
J R[F] U U (-Y11[e, ¢]) *YIr, 6, ¢] * (—iCos[e] Y10[e, ¢] D[R[r], r] + 1 R[r] D[Y10[6, ¢]. e]] *Sin[e] dle) d1¢] r2dr
0 0 0

1
2+/2
Sin[e]

@ 27 7T
J RIr] U U Y10[e, ¢] *y[r, 6, ¢>]*(-:‘1Cos[e] Y1l[e, ¢] D[R[r], r] +1 R[r] D[Y1l[e, ¢],e]]*8in[e] dle] d1¢] r2dr
0 0 0

1
22
Sin[e]

) 2 7 7T
J R[r] U U Y10[e, ¢]1 *xy[r, 6, qs]*(—iCos[e] Yiml[e, ¢]1 D[R[r], r] +1i R[r]1 D[Y1ml[e, ¢],e]]*Sin[e] dle) dlqb] r’dr
0 0 0

1
2+/2

o 27 T S- e
j RIr] [j [j Y10[e, ¢] *y[r, O, ¢]*(-iCos[e] Y10[e, ¢] D[R[r], r] +1 1niel R[r]1 D[Y1O0[e, ¢],e])*5in[e] dle] d1¢] r’dr
0 0 0 r

0
1 1
myz = {{0 0, - } {O, 0, } {— , s O}}; Eigensystem[myz]
22 22 242 242
1 1 1 1 1 1
R NI S O P IR
V2o A2 V2 W2
(***************************************** Z kX ********************************************************)

© 27 7T
J R[r] U U (-Yiml[e, ¢]) xz[r, 6, ¢] *
0 0 0
Cos[e] Cos[¢] Sin[¢]

(-i Sin[e] Cos[¢] Y11[e, ¢] D[R[r], r] -4 ————— " R[r] D[Y1ll[e, 6], 6] +1 S_—[]R[r] D[Y1ll[e, ¢], ¢]) *Sin[e] dle] dlcb] r2dr
r rsinjfe
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27 7T
[j [j (-Ylml[e, ¢]) »z[r, 6, ¢] = [-1 Sin[e] Cos[¢] YIml[e, ¢] D[R[r], r] -
0 o
Cos[e] Cos[¢] Sin[¢] ,
it ——— R[r] D[Ylml[e, ¢], 6] +i ————— R[r] D[Y1ml][e, ¢], ¢]J *Sin[e] dle) d1¢] r’dr
r Sin[e]
2 7 7T
U U (-Yiml[e, ¢]) xz[r, 6, ¢] *
0 0
) Cos[e] Cos[¢] Sin[¢] _
[—1'1 Sin[e] Cos[¢] Y10[e, ¢] D[R[r], r] - ———————R[r] D[Y10[e, ¢], 6] +1i S_—[]R[r] D[Y1O0[e, 41, ¢1) *Sin[e] dle] d1¢] redr
r rSinfe
2 7 7T
U U (-Y1lle, 61) +Z[r. 6, 6] *
0 0
) Cos[e] Cos[¢] Sin[¢] _
[—1'1 Sin[e] Cos[¢] Y11[e, ¢] D[R[Fr], ¥] -2 ———— R[r] D[Y1l1l[e, ¢], 6] +1 S_—[]R[r] D[Yl1l[e, ¢], ¢]) *Sin[e] d]e] d]¢] r2dr
r rSinfe
2 7 7T
[j [j (-Yll[e, ¢1) xz[r, 6, ¢] * |-1 Sin[e] Cos[¢] Yiml[e, ¢] D[R[r], r] -
0 o
Cos[e] Cos[¢] Sin[¢] _
it ——— R[r] D[Ylml[e, ¢], 6] +i ————— R[r] D[Y1ml][e, ¢], ¢]J *Sin[e] dle) d1¢] r’dr
r Sin[e]
27 7T
U U (-Y1lle, 61) +Z[r. 6, 6] *
0 0
) Cos[e] Cos[¢] Sin[¢] _
[—:‘1 Sin[e] Cos[¢] Y10[e, ¢] D[R[r], r] -2 —————— R[r] D[Y10[®6, ¢], 6] +1 S_—[]R[r] D[Y10[e, ¢]1, ¢]) *Sin[e] dle] d1¢] r2dr
r rSinfe

5



6 | Integrals_xkz.nb

0 27 7T
J RLF] U U Y106, ¢1 +Z[r, 6, ¢]
0 0 o
Cos[e] Cos[¢] Sin[¢]

(-:‘1 Sin[e] Cos[¢] Y1l[e, ¢] D[R[r], r] -2 —————— R[r]D[Y1ll[e, ¢], 6] +1 S_—R[r] DlYll[e, 4], ¢>1) *Sin[e] le] d1¢] redr
r rSin[e]

i

22

@ 2n 7T
J R[r] [J [J Y10[e, ¢] *z[r, 6, ¢] = [-i Sin[e] Cos[¢] Yiml[e, ¢] D[R[r], r] -
0 0 0

Cos[e] Cos[¢] Sin[¢] i
i————— " R[r]D[Ylml[e, ¢], 6] +1 ————— R[r]1 D[Yiml[e, ¢], ¢]] *Sin[e] dle) d1¢] rZdr
r Sin[e]
i

72ﬁ

o 27 vs
J R[r] U U Y10[e, ¢] *Z[r, 6, 6]
0 0 0

_ Cos[e] Cos[¢] Sin[¢] _
[-1‘1 Sin[e] Cos[¢] Y10[e, ¢] D[R[r], r] -&i ———— — R[r] D[Y10[e, ¢], 6] +1i S—[] R[r] D[Y1O0[e, ¢], ¢]) *Sin[e] dle] dl:b] r’dr
r rSin[e
0
mzx = {{O o, : } {O, o, : } {— 1 , - n , O}}; Eigensystem[mzx]
22 242 2vV2 2+2
1 1 i i i i
= zooh - — - — 1) [ —, — 1) 11, o}
2" 2 V2 Wz V22
(***************************************** Z ky ********************************************************)
o 27 7T
| Rte U U (-Yml[e, #1) «Z[r, 6, ¢] +
0 0 0
) i Cos[e] Sin[¢] Cos[¢] _
[-1‘1 Sin[e] Sin[¢] Y11[e, ¢] D[R[r], r] -4 ——— "~ R[r] D[Yll[e, ¢], 6] -1 inreT R[r] D[Y1ll[e, ¢], ¢>]J *Sin[eo] dle] d1¢] r’dr
r rsinge]



JR[r]
(0]

mem
0

_2\5

mem
0

JR[r]
(0]

mem
0

22

27

. Cos[e] Sin[¢]
i —

27 JT
U U (-Yimi[e, ¢]) xZ[r, 6, ¢] »
0 0

[—1'1 Sin[e] Sin[¢] Y10[e, ¢] D[R[r], r] - i

2 7 T
U U (-Y1l[e, $1) *Z[r, ©, 6] *
0 0

[—1'1 sin[e] Sin[¢] Y11[e, ¢] D[R[r], r] -4

2 n

. Cos[e] Sin[¢]
i —

2 7 T
U U (-Y1l[e, $1) *Z[r, ©, 6] *
0 0

[—1'1 sin[e] Sin[¢] Y10[e, ¢] D[R[r], r] -4

R[r]1 D[Y1ml[e, ¢], 8] -1

C
R[r]1 D[Y1ml[e, ¢], 6] -1

Cos[¢]
r Sin[e]

Cos[e] Sin[¢]

Cos[e] Sin[¢]

0s[¢]
r Sin[e]

Cos[e] Sin[¢]

[j [j (-Ylml[e, ¢1) »z[r, 6, ¢] * |-i Sin[e] Sin[¢] YIml[e, ¢] D[R[r], r] -
0 0

R[r]1 D[Y10[e, ¢], 6] -1

C
R[r] D[Y1ll[e, ¢], 6] -1 —
r Sin

[j [j (-Y1l[e, ¢1) »z[r, 6, ¢] * |-1 Sin[e] Sin[¢] YIml[e, ¢] D[R[r], r] -
0 0

C
R[r]1 D[Y10[e, ¢], 6] -1 —
r Sin

r Si

Cos[¢]
nge]

0s[¢]

0s[¢]

(el

(el

Integrals_xkz.nb

R[r] D[Y1ml[e, ¢], ¢]] *Sin[e] dle) d1¢] r’dr

R[r]1 D[Y10[e, ¢], ¢]) *Sin[e] dle] d1¢:] r’dr

R[r] D[Y1l[e, ¢], ¢]) *Sin[e] dle] d1¢:] r’dr

R[r] D[Y1ml[e, ¢]., ¢]] *Sin[e] dle) d1¢] r’dr

R[r]1 D[Y10[e, ¢], ¢]) *Sin[e] dle] d1¢:] r’dr
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0 27 7T
J R[] U U Y10[6, 6] *Z[r, 6, ¢] *
0 0 0
Cos[e] Sin[¢] Cos[¢]

(-:‘1 Sin[e] Sin[¢] Y11[e, ¢] D[R[r], r] -4 ——— "~ R[r] D[Yll[e, ¢], 6] -1 S_—R[r] D[Y1ll[e, ¢], ¢>]) *Sin[e] dle] dld)] r2dr
r r Sin[e]
1

72ﬁ

0 2 7 7T
J R[r] U U Y10[e, ¢] xz[r, 6, ¢] = |-1 Sin[e] Sin[¢] Yiml[e, ¢] D[R[r], r] -
0 0 0

Cos[e] Sin[¢] Cos[¢] _
i————— " R[r]D[Ylml[e, ¢], 6] -1 —————R[r] D[Yiml[e, ¢], ¢]] *SIN[e] dle) d1¢] rZdr
r Sin[e]
1

72ﬁ

0 2 7 7T
J- RIr] [j [j Y10[e, ¢] *z[r, 6, @] *
0 0 0
Cos[e] Sin[¢] Cos[¢]

(-i Sin[e] Sin[¢] Y10[e, ¢] D[R[r], r] -4 ——— "~ R[r] D[Y10[e, ¢], 6] -1 S'—T]R[r] D[Y10[e, ¢], ¢]) *Sin[e] dle] dlcb] r2dr
r rsinfe

1 1 1 1

, 10, 0, - , , - ,
2«/?}{ 2«/?} {2«/? 22

(550 (=t [ e th o))

vz oz

(***************************************** y kx ********************************************************)

0 2 7 7T
J RLr] U U (-Yimi[e, #1) *yIr. 6, ¢] *
0 0 o
Cos[e] Cos[¢] Sin[¢]

[-:‘1 Sin[e] Cos[¢] Y11[e, ¢] D[R[r], r] -4 — "~ R[r] D[Yll[e, ¢], 6] +1 S_—R[r] D[Y1ll[e, ¢], ¢>]) *Sin[e] dle] dld)] r2dr
r r Sin[e]

mzy = {{O o, O}}; Eigensystem[mzy]

N|



JR[r]
(0]

mem
0

JR[r]
(0]

mem
0

N| R

ijm
0

27

. Cos[o] Cos[¢]
1 —

27 JT
U U (-Yinl[e, ¢]) xy[r. 6, ¢] «
0 0

[-:‘1 Sin[e] Cos[¢] Y10[e, ¢] D[R[r], r] -4

27 7T
U U (-Y11[6, $1) xY[F, 0, 6] »
0] 0

[-1‘1 Sin[e] Cos[¢] Y1l[e, ¢]1 D[R[r], r] -1

2

. Cos[e] Cos[¢]

i————— R[r]D[Y1iml][e, ¢], €] +
r

27 JT
U U (-Y1l[e, ¢]) xy[r. 0, 6] «
0 0

[-:‘1 Sin[e] Cos[¢] Y10[e, ¢] D[R[r], r] - i

RIr]1 D[Y1ml[e, ¢], 6] +1

Sin[¢]
r Sin[e]

[j [j (-Ylml[e, ¢1) *y[r, 6, ¢]1 * |-i Sin[e] Cos[¢] YIml[e, ¢] D[R[r], r] -
0 0

[j [j (-Y1l[e, ¢]) *y[r, 6, ¢] » |-1 Sin[e] Cos[¢] YIml[e, ¢] D[R[r], r] -
0 0

Integrals_xkz.nb

R[r] D[Y1ml[e, ¢], ¢]] *Sin[e] dle) d1¢] r’dr

Cos[e] Cos[¢] Sin[¢] _
——— R[r]D[Y1O0[e, ¢], 6] +i —————R[r] D[Y10[e, ¢], ¢]) *Sin[e] dle] d1¢] rldr
r Sin[e]
Cos[e] Cos[¢] Sin[¢] B}
— ~  R[r]D[Yllp[e, ¢], 6] +1 - R[r1D[Y1ll[e, ¢], ¢>]) *Sin[e] dle] dl¢] rldar
r Sin[e]
Sin[¢]
i——" R[r]D[Ylml[e, ¢], ¢]] *Sin[e] dle) cil¢] r’dr
r Sin[e]
Cos[e] Cos[¢] Sin[¢] _
—  R[r]D[Y10[e, ¢], 6] +1 Sintel R[r] D[Y10[e, ¢], ¢]) *Sin[e] dle] dldJ] rldr
rSinfe

9



10 | Integrals_xkz.nb

0 27 7T
J RLr] U U Y10[e, 6] +yIr, 6, 6] +
0 0 o
Cos[e] Cos[¢] Sin[¢]

[-:‘1 Sin[e] Cos[¢] Y11[e, ¢] D[R[r], r] -4 — "~ R[r] D[Y1ll[e, ¢], 6] +1 S_—R[r] D[Y1ll[e, ¢], ¢>]) *Sin[e] dle] dld)] r2dr
r r Sin[e]

0

o 2 7 7T
J R[r] [j [j Y10[e, ¢] *y[r, 6, ¢] = [-i Sin[e] Cos[¢] Yiml[e, ¢] D[R[r], r] -
0 0 0

Cos[e] Cos[¢] Sin[¢] .
i ————— R[r]D[Y1ml[e, ¢], 6] +i ————— R[r] D[Y1ml[e, ¢], ¢]] *Sin[e] dle) dl¢] rlar
r r Sin[e]

0

0 27 7T
| Rie U U Y10[e, ¢] +y[r. 6, ¢] +
0 0 0
Cos[e] Cos[¢] Sin[¢]

[-:‘1 Sin[e] Cos[¢] Y10[e, ¢] D[R[r], r] -4 — "~ R[r] D[Y10[e, ¢], 6] +1 S_—R[r] D[Y10[e, ¢], ¢>]) *Sin[e] dle] dld)] r2dr
r r Sin[e]

myx = {{—% 0, 0}, {0, % 0}, {0, O, 0}}; Eigensystem[myx]
1 1

{{-3+ 50} (11,0, 00, 10, 1,03, (0, 0, 11

(***************************************** X ky ********************************************************)

Y 27 7T
j R(r] U U (-YImL[e, 61) «X[F, 6, ] *
0 0 0
Cos[e] Sin[¢] Cos[¢]

[-:‘1 Sin[e] Sin[¢] Y11[e, ¢] D[R[r], r1 -4 ————— R[r] D[Y1ll[e, ¢], 6] - i S_—R[r] D[Y1ll[e, ¢], ¢>]) *Sin[e] dle] dld)] r2dr
r r Sin[e]

N| -



JR[r]
(0]

mem
0

JR[r]
(0]

mem
0

ijm
0

27

. Cos[e] Sin[¢]
1 —

2 7 T
U U (-Yiml[e, ¢]) »X[r, 6, ¢] *
0 0

[—1'1 Sin[e] Sin[¢] Y10[e, ¢] D[R[r], r] -1

27 7T
U U (-Y1l[e, ¢]) «X[r, ©, 6] *
0] 0

[-1‘1 Sin[e] Sin[¢] Y11[e, ¢] D[R[r], r] -1

2

. Cos[e] Sin[¢]

¢
i——— " R[r]D[Ylml[e, ¢], 6] - i
=

27 JT
U U (-Y1l[e, ¢]) xX[r, 0, 6] «
0 0

[—1'1 Sin[e] Sin[¢] Y10[e, ¢] D[R[r], r] -1

R[r] D[Y1ml[e, ¢], 6] - i

Cos[¢]
r Sin[e]

Cos[e] Sin[¢]

Cos[e] Sin[¢]

0S[¢]
r Sin[e]

Cos[e] Sin[¢]

[j [j (-Ylml[e, ¢1) *X[r, 6, ¢]1 * |-i Sin[e] Sin[¢] YIml[e, ¢] D[R[r], r] -
0 0

R[r]1 D[Y10[e, ¢], 6] -1

R[r]D[Y1l[e, ¢], 8] -1

[j [j (-Y1l[e, ¢]) *x[r, 6, ¢] » |-1 Sin[e] Sin[¢] YIml[e, ¢] D[R[r], r] -
0 0

C
R[r]1 D[Y10[e6, ¢], 6] -1

r Si

Cos
r Sin

Cos[¢]
nge]

[¢]

os[¢]
r Sin

[el

(el

Integrals_xkz.nb |11

R[r] D[Yiml[e, ¢], ¢]J *Sin[e] dle) d1¢] r2dr

R[r]1 D[Y10[e, ¢], ¢]) *Sin[e] dle] d1¢:] r’dr

R[r] D[Y1ll[e, ¢], ¢>]) *Sin[eo] dle] d1¢] r’dr

R[r] D[Y1ml[e, ¢], ¢]] *Sin[e] dle) cil¢] r’dr

R[r]1 D[Y10[e, ¢], ¢]) *Sin[e] dle] d1¢:] r’dr



12 | Integrals_xkz.nb

0 27 7T
J R[] U U Y10[6, 6] *X[r, 6, ¢] *
0 0 0
Cos[e] Sin[¢] Cos[¢]

[-:‘1 Sin[e] Sin[¢] Y11[e, ¢] D[R[r], r1 -4 ——— "~ R[r] D[Yll[e, ¢], 6] - i S_—R[r] D[Y1ll[e, ¢], ¢>]) *Sin[e] dle] dld)] r2dr
r r Sin[e]

0

o 2 7 7T
J R[r] [j [j Y10[e, ¢] *X[r, 6, ¢] = [-i Sin[e] Sin[¢] YIml[e, ¢] D[R[r], r] -
0 0 0

Cos[e] Sin[¢] Cos[¢] .
i ————— R[r]D[Y1lml[e, ¢], 6] -i ————— R[r] D[Y1ml[e, ¢], ¢]] *Sin[e] dle) dl¢] rlar
r r Sin[e]

0

0 27 7T
J R[r] U U Y10[e, ¢] *X[r, 6, ¢] *
0 0 0
Cos[e] Sin[¢] Cos[¢]

[-:‘1 Sin[e] Sin[¢] Y10[e, ¢] D[R[r], r1 -4 ——— "~ R[r] D[Y10[e, ¢], 6] - i S_—R[r] D[Y10[e, ¢], ¢>]) *Sin[e] dle] dld)] r2dr
r r Sin[e]

0
mxy = {{% 0, 0}, {0, -%, 0}, {0, O, 0}}; Eigensystem[mxy]

({-2. % 0}, ({0, 1, 0}, {1, 0, 0}, {0, 0, 1}}}

2
(kkkkhhkhhhhhhhhhhhhhhhhhhhhkhhhhhhhhhhhhx comprovacions
addicionals Khkkkkkkhkhhkhhhhhhhhhhhhhhhkhhhhhhhhhhhhhhhkhkhhhkhhhkhkkhk)

Eigensystem[mzy - myz]
1 1
-1,1,0}, {{-——, —, 1,
(o (= 21
Eigensystem[mzXx - mxz]
[t-1.1, 01, {{j? j? 1}, {j? j? 1}, (-1, 1, 0}}}

Eigensystem[mxy - myx]

1

— -——> 1, {1,1,0
2L a0

{{-1, 1, 0}, {{0,1, 0}, {1, 0,0}, {0,0, 1}}}
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