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Classical Mechanics: an overview

d
Newton’s Law dtp F=0

Conservative systems V — V(Q)

Lagrange d ( 8[/ ) 8[/

equation dt




Velocity-dependent potentials

Time-independent field é ﬁ — ¢ (l‘{ A é)

No magnetic monopoles / ﬁé — ()
é — 6 A }T :La Y, Z)
F=e¢(GAB)=¢e(TAVAA)




Velocity-dependent potentials: cont.

Fr=e(@AVAA), =e 8(?3;;A) dﬁ
Define: U:—e(ﬁ _*) —> 8[{ — —¢c A,
oU d oU o
F, = | .
dw dté‘:c> L=T-U
e g((ﬁ) =
o At \py)) |4 (oL _ (o) _
dt \ o 3 Ox




Velocity-dependent potentials: cont.

kinematic o T

_ Ty . = m C.U
momentum: oy
canonical B 0L B ol oU B "
momentum: Pz — o = Ty + €Ay

oy oy on

Hamiltonian:

H = Z Di f;f@'_ — L = Z (71'3‘_ .’;3@2 + e 533, A@) — (T— U)

1=T.,Y,Z 1=T,Y.2




Conservative systems: V(x,y,z) & L=T-V

canonical Dy = oL _ or oV _ oT — . Kinematic
momentum: = 9 or O o T " momentum:

Hamiltonian:

H = Z Di z; —L = Z T —(T'=V) =2T - (T =V)

1=,,2 el R
2 pz
—> H=T+V = — +V = +V
2m 2m
2

—> =2 .y

2m




Gauge

B=VAA;

VA (VX)

We may select y :

Gauge Coulomb:




Hamiltonian (coulomb gauge)

1 .
H:%(p—e}l) : pﬁ\—zﬁv
H = L(—th—eA) v — V% + ﬂe(VA—I—AV)—I—iAQ
- 2m 2m 2m 2m
2 02
=g Mgy & e
2m m 2m
~D 2
e . e
—=>|H = = Apt— A
2m m 2m




Axial magnetic field B & coulomb gauge

A= (=1/2y By, 1/2x By, 0)

7 7 k )
VANA= 0, ay J. | =Bk
—1/2yBy 1/2xBy 0

VA =0,(— 1/2yBg)—|—0y(1/2£EBo)—l—0 (0) =0 gauge

A

(—1/2y Bo,1/2x By, 0)
p = —ihV

) o 0. 1.
|:> Ap ——ZhB[](ﬁUa —J%) —




Hamiltonian: axial magnetic field B & coulomb gauge

.1 0 0. 1,
H=-"“"—_ __A.p4+ — A*,
2m  m p 2m { ) 1o, 5 ) 1,
A® = —-Bj(x" +y~) = =Bjp
4 4
2 2 N2
ﬁ_h 2, € B GBOf,' ~ eDB
o V | p z ’ (.d———
2m 8m 2m 2m
2
- h 2 ]_ 2 2 A~
—> |H = 5 V+§mwp + wl,
T

We = 2 W Cyclotron frequency



Electron in a magnetic field

50 T T
A2
p- DAl Ly
2me. 40
B = Bok A= (—%y By tx By, 0) _ -
2
. n: . eB . e’ B? 5 £,
H = ——V*— + v A
2M 2M, 8Me 4
/\2 10+
" eB -
— p —|_ HHO LZ —|_ V e
2m 2Me o degzziii
0

Efo = (2n+ M|+ 1w

BLZ
2m

/ B
E = —M=wM
2m

~ /

H

~

[HHO H} =0 E(n, M)

10

e Landau levels

* No crossings

T T
20 30
B-.;- { Teslas)

L}
40 &0

Rosas et al. AJP 68 (2000) 835

=2n+ |M|+M+1)w



Confined electron pierced by a magnetic field

Spherical confinement, axial symmetry é — B(}g

~ (p— eA)? - ) .
R T A= (~4u By o Bo.O
2 2 12
~ N , eB - e-B-
H = ——V* — L.+ p”+V(p, z)
2Me 2Me 8Me

\Ij(p: < Qb) — (I)n?M Gﬂwgb ‘6‘ —h=1

B? BM
V2 4 02 - - Vel(p, S, vy=FE, y®,
2me 8me 2Me (p Z)> M M= n, M

I\

Competition: quadratic vs. linear term




Electron in a spherical QD pierced by a magnetic field

T T T T T 1T Gl R FII7x

|||||||||||

04t =]

2

.4{<«——— Landau levels

ENERGY (eV)
|
o
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1P-1 =

Ll ~2.9
2.8 I :
||||||||||| _3
O 40 80 120 1||||II|IIII[
B (T) / 10 50 90 130
AB crossings B (T

Electron energy levels, Electron energy levels, Electron energy levels, nLM,
nLM, R =3 nm InAs NC nLM, R = 12 nm InAs NC GaAs/InAs/GaAs QDQW

J. Planelles, J. Diaz, J. Climente and W. Jaskodlski, PRB 65 (2002) 245302



Electron in a QR pierced by a magnetic field

L B? BM
( VQ + p2 —+ + Ve(pj Z)) (I)T?,,JW — ET?/,]W(I)TL,]H

2M., 8Me 2M,

0.28 £¢ >
R

B

AB crossings

0.24 ————

Electron energy levels (n=1, M) (h=2,M), of a InAs QR
Dimensions: r = 10, R=60, h=2
J. Planelles ,W. Jaskolski, and I. Aliaga, PRB 65 (2001) 033306



Peierls/Berry phase

R. Peierls, Z. Phys. 80 (1933) 763; o — P2 1y (p+A)2
M. Graf & P. Volg, PRB 51 (1995) 4940 0 2m 2m
M.V. Berry, Proc. R. Soc. A 392 (1984) 45. 0 40 :

R.Resta, JPCM 12 (2000) R107; {En. Pnt {E,, ¥}

A phase in is introduced in the wf by the magnetic field: F(I‘) = f(; A(T’)dr’ — VF=A

Choose: U(r) = exp [—iF'(r)] x (1)
(—iV + A)exp [—iF(r)] x(r) = exp [—iF(r)] (=iVx(r)) _

(—iV + A)? exp [-iF(r)] x(r) = exp [-iF(r)] (-=V*x(r))

LL—?’-"F + A)?*exp [—iF(r)] x(r) = Eexp [-iF(r)] x(r)

2m
—_— —L‘FE]{ = Ev, ECE‘

2m




Peierls/Berry phase cont

Peierls subtitution: '[I]{l‘:] — eXPp [—1 _ﬁ;‘ A(T’:}d]ﬁ"’} {Ij'{l‘]
Hamiltonian substitution: 1 = exXp [—iF] 'H.[]. exp [iF]

V(exp[iF|®) = expliF[V® + ®exp[i FIVF = expl[iF|V® + i Aexp|iF|®

—V?(exp[iF|®) = exp[iF|(=V?® + 23 AV® + A’®) = exp[iF|(—iV + A)?d

2m 2m

| .
exp[—iF] [—V2 + V] exp[iF|® = exp[—iF] expli F {i(iv L A V] o

— [L(zv + A)* + V] P

2m



Aharonov-Bohm Effect

Y. Aharonov, D. Bohm, Phys. Rev. 115 (1959) 485

Magnetic flux

 Classical mechanics: equations of motion can

Electron _ :
always be expressed in term of field alone.

* Quantum mechanics: canonical formalism.
Potentials cannot be eliminated.

* An electron can be influenced by the potentials
even if no fields acts upon it.

» Berry’s phase (gauge dependent)

. §Ad| Gauge independent



Semiconductor Quantum Rings

Litographic rings
GaAs/AlGaAs

A.Fuhrer et al., Nature
413 (2001) 822;

M. Bayer et al.,
Phys. Rev. Lett.
i 90 (2003) 186801.
J2 oKy

self-assembled rings

J.M.Garcia et al., Appl. Phys. Lett.
InAS 71 (1997) 2014
’fs“ T. Raz et al., Appl. Phys. Lett 82
N (2003) 1706

X S50.000 nw/div
Z 15.000 nw/div

B.C. Lee, C.P. Lee, Nanotech. 15
(2004) 848



Example 1. Quantum ring 1D
A= Agyiiy = { 2 Brde 0<p<a

BG—'Q P — - -
2—;3 H{;'} (1 <. ,O < O

r 0 2 2
o Ba ~ Brma
F(r) =/D A(r')dr —/D 2 pdd = = 6 =Fdo

U(0) = e FOeMO (M-F)=0+122.

w”

No magnetic field: M =0x=1+t2...€ Z

With field: M =F,F £ 1, F

I
I
I
0
=3




Electron in a potential vector but no magnetic field

B =DByif0 < p<aand B =0 otherwise

P

1 B —
5 _ sBptuy, 0<p<a |
A= A@'ZL@ — 4 B ’ 7 — (p— 614)2
a” i 6 < p< o0 21
\

2 : 2 . 24 4
8 ) , 1theBa® 0 e“B*a
H=—"-V"+ AT T -tV

2Me Me 2p7 00 8Mp

9, J 1eB a’ 9, L ¢
oo Do 2h ()(D N




Aharonov-Bohm Effect

1D QR

: AN
H = — : 1—
2m. R? (O(D N z(1)0)

1 .
E, = §(m + F)?

m=0+1+2... 2

0 0,5 1 1,6 2

o/ O,

» Periodic symmetry changes of the energy levels

*Energetic oscillations

» Persistent currents



Some 2D calculations: off-centering
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Intensity (arb.units)

FIR absorption of one electron in QD and QR

o i R
o +=
I = 20 nm I él
126 nm 126 nm
40 T T T T T T 40 T T T T T T
L
T o~
— = 2 W5 &
20 = AJ& - f_n, ")O :_/\; ) N i
30 — 2 30 I
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— X r} = F
20 s 7 220 >
AL % > L. AL
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J. Planelles and J. I. Climente, Collect. Czech. Chem. Commun. 70 (2005) 605
arXiv: cond-mat/0412552;



Energy (eV)

Fractional Aharonov-Bohm Effect

0.66 1.26
0.65
= 1.25
a3 >
0.64 2,
o
g
2
0631 M 24
0.62 : T
I 2:; 1 | 1 | 1
0.61 : ' ; 0 g, 4 6 8 10 12
0 2 4 6 8 10 12
B(T) B(T)

2 electrons coulomb
Interaction

1 electron

J.l. Climente , J. Planelles and F. Rajadell,J. Phys. Condens. Matter 17 (2005) 1573



Optic Aharonov-Bohm effect

The Aharonov-Bohm effect leads to changes in electron and hole
symmetry at different B values:

e 1.316
[
E
uP 3
>-; S
2, @ 1314
L
S
S 4t =
© Q
f s 1312+ !
w i &2
Ground B e
State
c 1.310 1 1 1 1 1 1 1
= 0 2 4 6 8 10 12 14
(2}
E B (T)
@ J. Climente, J. Planelles and W. Jaskadlski, Phys. Rev. B 68 (2003) 075307
2
@)

Observed in stacked type Il QDs: Kuskovsky et al . Phys. Rev. B 76 (2007) 035342; Sellers et al PRL 100, 136405 (2008).



Translations and magneto-translations |

m
m
-

he d?u(z)
C9m da2

+ V(z)u(z) = Eu(x)

P ~ —iap Simultaneous
T..H] =0T, = e P
[ a> ] a eigenfunctions:

u(:g) — u(j; 1 L’LJ / Bloch functions

e
Illlwillllilllllll
U

Niilllll |
(A

N

Switching the magnetic field on:
No translational symmetry

)
f

Though, can we get Bloch functions?




Translations and magneto-translations Il

~

T,.(ro) = exp [—irg - (p — A)]
’H:%(erA) + V(x)

> Commute .... but

,\ : ¢

Commute .... if % = qm, ¢ € Z and we can get Bloch functions

Two-fold periodicity: magnetic and spatial cells

Physical meaning: Translation + Lorentz Strength compensation




Translations and magneto-translations |11

Two-fold periodicity: magnetic and spatial cells

| I — | I

A Hofstadter butterfly

I']'1 b 0 1/4 1/2 3/4 1

L 4

J.L. Movilla and J. Planelles, PRB 83 (2011) 014410



SUMMARY



Magnetic field: summary

No magnetic +— 5 — — — VESTT
monopoles: VB=0 — B=VAA potential
OPe velocity-dependent L - 71
- —> potential: U — —€ (U ) A)
Lagrangian: [, =" — [J kinematic momentum
Canonical 0L oT oU /
momentum: Pz — e s e  x + eAac
0x Jdxr Oux
2
° 70 1
Hamiltonian:  H = px —L =1 = — = — (p_ QA)Q
2m 2m
Coulomb gauge: VA = ()
~2 2
e A e
Hamiltonian operator: H = p— — — - p — A2
2m m 2m




Magnetic field: summary (cont.)

axial symmetry

, BM

V2 4

2Me

8Me

P
< 2Me

- Ve(p, 2)

&~

s
<y

&l

/
Relevant at soft /

confinement
(nanoscale and bulk)

/

dominates at strong
confinement
(atomic scale)

AN

Spatial N
confinement

Aharonov-Bhom
oscillations in non-
simple topologies

fi=iS=—mri =
2mr
. B
W=—jiB=-——2M
2Me



Magnetic field: summary (cont.)

Periodicity and homogeneous magnetic field

}

Magneto-translations and Super-lattices

}

B-dependent (super)-lattice constant

}

Fractal spectrum (Hofstadter butterfly)
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